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Abstract 

We study the Type IIA limit of the M theory fivebrane configuration corre- 
sponding to N = 1 supersymmetric QCD with massless quarks. We iden- 
tify the effective gauge couphng constant that fits with Novikov-Shifman- 
Veinshtein-Zakharov exact beta function. We find two different Type IIA 
limits that correspond to the electric and magnetic descriptions of SQCD, as 
observed in the massive case by Schmaltz and Sundrum. The analysis is ex- 
tended to the case of symplectic and orthogonal gauge groups. In any of the 
cases considered in this paper, the electric and magnetic configurations are 
smoothly interpolated via M theory. This is in sharp contrast with the pro- 
posed derivation of A = 1 duality within the weakly coupled Type IIA string 
theory where a singularity is inevitable unless one turns on a parameter that 
takes the theory away from an interesting point. 



1 Introduction 



Supersymmetric gauge theories in various dimensions have been studied by reahzing 
them on the worldvolume of branes and using superstring duahty [1] . In particular, the 
duahty between Type IIA string theory and eleven-dimensional supergravity can be used 
to learn about four-dimensional gauge theories [2-5]. Type IIA brane configuration, on 
which a gauge theory is realized, is in general singular and hard to analyze, but it becomes 
smooth and tractable in the eleven-dimensional supergravity limit where the Type IIA 
string coupling constant gst becomes large. 

The worldvolume theory is coupled to various string excitation modes and depends on 
parameters such as Qst which have no counterpart in ordinary gauge theory. In particular 
the theory becomes quantitatively different as we send Qst large, as explicitly shown in 
[6]. However, some quantities (mainly, BPS or holomorphic objects) are independent of 
such extra parameters and can be computed by going to a region of the parameter space 
where the supergravity approximation becomes valid. In addition, as far as there is no 
singularity in going to such a region, it is likely that qualitative features are unchanged. 
One remarkable prediction based on this assumption is that the QCD strings can end on 
domain walls in = 1 supersymmetric Yang-Mills theory [4] . 

In this paper, we show that the two Type IIA configurations of [7] realizing the massless 
N — 1 SQCD and the dual magnetic theory [8] are smoothly interpolated by a family 
of fivebrane configurations in M theory. The smoothness of the interpolation strongly 
suggests that the universality class of the theory remains the same through the process. 

An interpolation of the two configuration was earlier considered within the weakly 
coupled Type IIA string theory in [7] and in many subsequent papers cited in [1] (see also 
[9] for a differnt but closely related approach). However, one must turn on a parameter 
corresponding to the Fayet-Iliopoulos parameter of the U{1) factor of the gauge group in 
order to avoid a singularity in the process of brane move. It is doubtful whether there is 
a [/(I) factor in the gauge group, but even if we admit the U{1) factor, turning on the FI 
parameter takes the theory away from an interesting point of the moduli space, and the 
brane move simply leads to an equivalence of two free or empty theories. One may turn 
on and off the FI parameter in the course of the brane move, but a similar manipulation, 
such as turning on and off the mass parameter, will send the theory to the one with less 
flavors which is definitely different from the original one. Furthermore, in the case of 
symplectic or orthogonal gauge groups, there is no room for such manipulation [10,11] 
and the singularity seems unavoidable. 
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What is shown in this paper can be considered as the M theory resolution of such a 
singular brane move in Type IIA string theory. There is no singularity in the process of 
interpolation even in the case of symplectic and orthogonal gauge groups, and there is 
no need to change the physical parameters. We also show that the Type IIA brane move 
with mass parameters turned on and off, as mentioned above, involves a singularity in M 
theory side and the change of the universality class can be explained. 

Interpolating the electric and magnetic configurations via M theory was first discussed 
in [12] where N = 1 SQCD with massive quarks was considered. Extension to other groups 
and interactions, again with mass terms for quarks, has also appeared in subsequent works 
[13-16]. Turning on mass parameter takes the theory away from an interesting point, but 
the basic idea can be extended to the massless case and will be used in this paper. 

This paper is organized as follows. 

In section 2, we identify the holomorphic effective gauge coupling at an energy higher 
than the dynamical scale using the fivebrane configuration whose complex structure is 
determined in [3]. We show that the wavefunction normalization factor enters in a way 
compatible with Novikov-Shifman-Veinshtein-Zakharov (NSVZ) exact beta function [21]. 

In section 3, we consider the Type IIA limit of the M theory fivebrane configuration 
and show that there are two limits that correspond to the electric and magnetic theories 
of [8] . We discuss what kind of brane move does not change the universahty class of the 
theory. Some technical details relevant in this section is implicitly given in [3] section 5.4. 
and are presented more explicitly in [17-19]. 

In section 4, we extend the analysis to the case of symplectic gauge group. We show 
that Type IIA configurations reahzing the electric and magnetic theories are smoothly 
interpolated through a family of fivebrane configurations. We also show that the fivebrane 
configuration for a dynamical supersymmetry breaking model proposed in [20] has the 
correct Type IIA limit. 

In section 5, we consider the orthogonal groups. We again show that Type IIA con- 
figurations realizing the electric and magnetic theories are smoothly interpolated through 
a family of fivebrane configurations. We uncover a problem in describing exact results in 
terms of branes for the case Nf — Nc — 2 where the theory fiows generically to a Maxwell 
theory. 

In an appendix, we correct an error in a field theory argument of [3], and show that 
the brane prediction on the supersymmetric ground states was correct. 
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2 Branes and Renormalization Group 

In the study of Type IIA brane configurations corresponding to N — 2 supersymmet- 
ric gauge tfieories in four dimensions [2] , the bending of NS5- branes caused by D4- branes 
ending on them was interpreted as reflecting the running of the gauge couphng constant. 
In this section, we extend this interpretation to the case of = 1 supersymmetric QCD, 
by considering a suitable Type IIA limit of the configuration of M theory fivebrane con- 
structed in [3] . We will see that the wavefunction normalization factor enters correctly in 
the formula for the effective gauge coupling constant, which is relevant for the derivation 
of NSVZ beta function of [21]. 



2.1 A Simple Example 

We start with reviewing the M theory fivebrane configuration for N = 2 SU (Nc) super- 
Yang-Mills theory. The configuration is in the fiat eleven- dimensional spacctimc where 
the eleventh direction is compactified on a circle of radius R. We introduce the time and 
space cooredinates ° with respect to which the flat metric is expressed as 

ds^ = -{Axy + {dx^f + • • • + {dxy + R\dx^y, (2.1) 

where x^^ parametrize the compact eleven-th direction, x^^ = x^^ + 2t:. The worldvolume 
of the fivebrane spans the four-dimensional space-time in the directions and wraps 

on a two-dimensional surface embedded in the four-manifold x x'' — x^ — x^ — Q 
parametrized by We give a complex structure to x 5"^ by a choice of complex 

coordinates 



v = lsf\x^ + tx^), (2.2) 
i = exp(-^ (2.3) 

In (2.2) wc introduced the prcfactor ist'"^ , the tension of Type IIA strings, so that \Av\ 
measures the mass of an open string stretched between an interval Av. 

The supersymmetric configuration for N — 2 SU {Nc) super- Yang-Mills theory is given 
by the fivebrane wrapped on the Riemann surface in the t-v space described by 

AJVe 



a=l 



where A is a parameter that will be identified with the dynamical scale of the super- 
Yang- Mills theory. The parameters 0o are interpreted as the eigenvalues of the vev of the 
adjoint chiral superfield. 
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For the values of R and A small compared to some length L and energy E, the Riemann 
surface (2.4) looks hke two fiat sheets connected by thin necks, with respect to the scales 
set by L and E in the and v directions. The distiction between the regions of the flat 
sheets and thin necks becomes sharper as L/R and E/A becomes larger. If we send these 
quantities very large by keepng the combination e^/^^(A/£')^= to be finite, say 1, the 
sheet regions and the neck region are separated at — ±L/2. See Figure 1 in which we 
plot I I as a function of x^ (for a fixed x^^) in the case of A^c = 2 where we set L = £^ = 1 
and we put (pa — 0. 




Figure 1: Graphs of \v\ = \Je (e « + e « ) for i? = 0.1 (left) and R = 0.01 (right) 

In the weakly coupled Type IIA limit R <^ in, the fiat sheets and thin necks cor- 
respond to the NS5-branes and D4-branes respectively. Then, L is interpreted as the 
length of the D4-branes stretched in the direction between the two NS5-branes. Since 
1/R = l/{gsdst) is the inverse square of the gauge coupling constant of the 4 + 1- 
dimensional theory of the D4-brane worldvolume, L/R is identified as the inverse square of 
the gauge coupling constant of the four-dimensional theory obtained by compactification 
on the interval of length L: 

LI , , 

As we change E with A being fixed, the ratio L/R changes according to 

e-/«=(A) . (2.6) 

In [2], this was interpreted as refiecting the running of the gauge coupling constant. 

Actually, g"^ in (2.5) can be indentified as the effective gauge coupling constant at 
the energy scale E of the asymptotic free SU{Nc) Yang- Mills theory. In particular, (2.6) 
can be used to identify the parameter A as the dynamical scale of the theory. This 
follows from the following reasoning. Consider for instance two D4-branes sepatated by a 



4 



distance Al which is smaller than the string length ^st■ At energies below the string scale 
Mst — i/'^st: the theory on the worldvolume is the U{2) super- Yang-Mills theory. The 
non-abelian gauge symmetry is unbroken at energies above the W-bosin mass ist~'^Ai, 
but is broken to the abelian subgroup below this scale. In other words, at a fixed energy 
scale E below Mst, the SU{2) gauge symmetry is unbroken if the separation is small 
enough A£ < £st^E. Let us go back to our configuration. At large values of such that 
V is much larger than A and 0a's, the curve is roughly described by v — P^q\^^\/^cR±ix^° /No _ 
In the interval — L/2 < < L/2, the configuration looks as the Nc D4-branes which are 
nearly on top of each other compared to the length scale ist'^E, since the value oiv is E at 
— ±L/2 and exponentially small as descreases. Thus, the SU{Nc) gauge symmetry 
is unbroken at the energy E in this interval. Outside the interval, the separation of the 
D4-branes is much greater than £st^E and the W-bosons decouple at an energy above E. 
Or more precisely, we see that the picture of aligned D4-branes is actually incorrect in 
this region and there is no obvious candidate for the W-bosons. In any case, we do not 
have any non-trivial gauge dynamics at the energy E from the region outside the interval 
—L/2 < < L/2. Therefore we can consider g given by (2.5) as the gauge coupling 
constant set at the energy E as far as < 1/L, and hence we can identify the parameter 
A as the dynamical scale of the four-dimensional gauge theory. 

The holomorphic description of the fivebrane is of course valid in the region of the 
parameter space where all the characteristic lengths of the brane and space-time are 
much larger than the eleven-dimensional Planck length, in particular R ^ in ^ igt 
and A ^ ist'"^ '^ii ^ Mgt- Since this is not the region where the gauge dynamics is 
dominant, one may wonder whether the measurement of the gauge coupling based on 
the holomorphic description is valid. The point is that we can scale up the lengths R, L 
and energies A, E to the region where holomorphic description is valid while keeping the 
ratio L/R and A/E fixed. Then, the gauge coupling constant measured as (2.5)-(2.6) is 
invariant under the rescaling, and therefore it can be considered to be valid even when 
we scale down the parameters back to the gauge theory region. 

2.2 = 1 Supersymmetric QCD 

We next consider a configuration of the fivebrane corresponding to = 1 SQCD with 
gauge group SU {Nc) and Nf > Nc flavors. The complex structure of the conflguration 
was determined in [3] as we will revisit shortly. 

The flvebrane conflguration is in the eleven-dimensional space-time which is a product 
of the flat seven-dimensional space-time (in the x"'^'^'^'^'®'^ directions) and the Taub-NUT 
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space of An^-i type (in the x^'^'^'^^ directions). Thus, the metric of the eleven-dimensional 
space-time is given by 

ds^ = -(dx°)2 + {dx^ + {dx^ + {dx^ + ds^N + {dxy + {dx^y + {dxy (2.7) 

where ds^N is the Taub-NUT metric which will be given below. The fivebrane spans the 
2;0,i,2,3 directions and wraps on a Riemann surface in the transversal directions. 

The Taub-NUT geometry in M theory corresponds to D6-branes in Type IIA string 
theory which can be used to realize the quark multiplets. If the D6 branes are at x — 
(x^, x^, x^) — Xi, i — 1, . . . ,Nf, the Taub-NUT metric is given by 

d4N = Udx^ + U-^ {dx^^ + • df)^ (2.8) 

where 

U ^l + Y. oi- -I ' c^^l'^ = grad^: — ^ . (2.9) 

1 = 1 I 'I 1 = 1 I 'I 

Since x^^ is a periodic coordinete of period 27r, the Taub-NUT space can be considered 
as a circle bundle over the x space where the radius R/ y/U shrinks at the position of the 
sixbranes. At large the asymptotic radius is R and the equation (2.9) shows that the 
circle bundle is the monopole bundle of magnetic charge Nf. In what follows, we place 
the sixbranes at Nf points in the x^-axis xf = x^ = so that the configuration we will 
consider corresponds to massless SQCD. 

Holomorphic Description of the ConGguration 

In [3] we have given a holomorphic description of the fivebrane configuration which 
we now review. 

We consider the space transverse to the four dimensions to be the product of 

a real line (the direction) and a three-dimensional complex manifold (product of the 
Taub-NUT space and the x^'^ plane). We select one of the complex structures of the 
Taub-NUT space such that 

V = const X {x"^ + ix^) (2.10) 
is a complex coordinate. We also provide the x^'^ plane with a complex coordinate 

w = const X {x^ + ix^). (2-11) 

Under the choice (2.10) of the complex structure, other complex coordinates of the Taub- 
NUT space can be given by 

Nf 

y = cx e-(^'/«+^^'°) l[ - Xi\ - (a;6 - xf) , (2.12) 

i=l 
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x^c-'x{j-^^] e-V«+-"nv/|^-^^l + (^'-^?). (2-13) 

i=l 



where c is a constant. It is a matter of convention that the proportionahty constant in 
(2.13) is chosen to be inverse to c in (2.12). The complex coordinates y, x and v are 
related by 

yx = v^f. (2.14) 

It appears from this that the Taub-NUT space has a singularity a,ty — x — v — which is 
indeed the singularity of AjVj^-i type when the sixbranes are on top of each other. However, 
when the D6-brancs are separated in the x^ direction, the singular point y = x = v = Ois 
blown up to Nf — 1 CP^ cycles and the singularity is resolved as we can see by introducing 
an appropriate coordinate system around each of the D6-branes (see the next section). 

The fivebrane is wrapping a holomorphic curve consisting of two infinite components 
and several CP^ components. The infinite components are described by 

\v = |w = 0, ^ ' ' 

while the CP^ components aty — x — v — will be described in the next section. 

This was obtained in [3] by rotation and deformation of the configuration correspond- 
ing to the N = 2 SQCD. (jj in [3] is denoted simply by y here and the normalization of 
X is also changed.) The parameter A in the above expression was identified in [3] as the 
dynamical scale of the N — 1 SQCD by imposing the renormalization group matching 
with the high energy N — 2 theory. In this paper, we will see this directly by identifying 
the gauge couphng constant. The parameters Mi are interpreted as the eigenvalues of the 
vacuum expectation value of the meson matrix M. The fact that the number of Mj's is 
Nc refiects the classical (= quantum) constraint rankM < Nc on the meson matrix. In 
addition, by identifying the parameters corresponding to the baryon vevs, we can derive 
in the brane description the quantum modified constraint for the theory with Nf — Nc ets 
well as the classical (= quantum) constraint for higher Nf > Nc concerning the relation 
between meson and baryon vevs [3].^ 

^In [3], there was a gap between the brane and field theory analysis on the quantum constraint for 
the system with a heavy adjoint chiral multiplct. In Appendix, wc will show that this gap is because of 
our error in the field theory analysis and that the brane prediction is correct. 
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Extra Parameters 



The description of the holomorphic curve given above does not completely specify the 
fivebrane configuration in the eleven-dimensional space-time since we have left undeter- 
mined the proportionality constants in (2.10)-(2.12). 

These constants are constrained if we require that the brane must correctly reproduce 
the superpotential of the gauge theory. In [4] the superpotential of the worldvolume theory 
was defined as a certain integral of the holomorphic three-form of the space-time Calabi- 
Yau three-fold in which the curve is embedded. ^ In the present case, the three-fold is 
the product of the Taub-NUT space and the x^'^ plane with the complex structure chosen 
above, and the three-form is d(x^ -|- ix^) A d{x^ + ix^) A d{x^ + iRx^^) at large As 
has been shown in appendix A of [6] in the example oi N — 1 super- Yang-Mills theory, 
in order for the brane computation to reproduce the field theory result, the holomorphic 
three-form multiplied by the fivebrane tension £u~^ must be given by 

n = dv Adw A — . (2.16) 

y 

This requires the product of the constants in (2.10) and (2.11) to be equal to R£n~^. 
Then, the coordinates v and w can be expressed as 

V ^£st~^Z{x^ + ix^), w ^£n~^Z-\x^ + ix^), (2.17) 

where Z is a constant. 

Actually, there is a redundancy in the parametrization. Obviously, a phase shift of 
the constant c in (2.12)-(2.13) can be compensated by a shift of the origin of x^^. Also, 
a change of the magnitude of c can be absorbed by an overall shift of x^'s, and only the 
combination c e~ ^i^^ characterizing the relative separation of the fivebrane system from 
the sixbranes in the x^ direction has an invariant meaning. Furthermore, the configuration 
is invariant under the change of parameters as 

Z^C'Z, c^C'c, (2.18) 
Mi ^ (Mi, (2.19) 
^3iVe-JV^ ^ ^JV/^3JVc-Ar^ (2.20) 

as it can be compensated by the coordinate transformation v C~^v, w (w, y 

Q^^^y and x C~^''~^^x. This transformation can be identified with the action of the 

^The holomorphic three- form of a Calabi-Yau three- fold is a nowhere vanishing holomorphic three- 
form such that its wedge product with its complex conjugate is the same as the cube of the Kahler 
form. 
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complexified axial U{1) fiavor symmetry group which is anomalously broken to Zjv^. The 
radial part is the group of rescalings of the quark field as can be seen in (2.19), and the 
transformation of A in (2.20) refiects its anomaly [23] (see also [24]) as we will see after 
identifying the gauge coupling constant. 

We conclude that the configuration depends on two real parameters, Z^^ce^^i^^^^ 
and i?, as well as the separation — x^^i of the D6-branes, in addition to the parameter 
and obscrvables of the four- dimensional gauge theory (A, Mj's and the location and the 
chiral two- form of the CP^ components) 

The Effective Gauge Coupling Constant 

As in the case of A^" = 2 super- Yang-Mills theory, we want to distinguish the region of 
the fivebrane where the gauge dynamics is relevant at an energy E below the string scale 
1/ist, by setting an appropriate length scale corresponding to E. In the present case, the 
fivebrane is extending in two directions, v and w, and we must set a scale for each of them. 
We propose that these scales, v{E) and w{E), are related by v{E)w{E) — E^. This is 
based on the fact that the holomorphic three-form — dv A dw Ady/y should transform 
as Q — > X^Q under a change of the energy scale E — > XE since the superpotential is given 
by an integral of and has mass dimension three. 

Let us first determine the scale in the v direction. Note that only the component C is 
extending in this direction. Since this part of the fivebrane is the same as a part of the 
N — 2 configuration, as far as the effect of the other part of the fivebrane is negligible, we 
can say that the gauge dynamics is relevant in the region where the configuration looks 
as nearly coincident D4-branes compared to the length scale £st^E just as in the N — 2 
theory. Since the coordinates x^'^ and v are related by (2.17), this region is given by 
\v\ < ZE. Note that the value of y at the boundary v — ZE is 

y{E) = A^^^-^flZEff-^-^. (2.21) 

Since the scale in the T;-direction is set by v{E) = ZE, the scale in the w direction is set 
by w{E) — Z'^E"^. This corresponds to a length scale in^Zw ~ £st^RE^ which is much 
shorter than igt^E in the weakly coupled Type IIA hmit E < l/igt ^ ^/R- Actually, we 
can provide the following interpretation of this new scale w{E) oc E'^. The Nc w-values of 
the component C for a fixed y can be interpreted as the non-zero eigenvalues of the meson 
matrix QQ at y, as these values at y = are interpreted as their vacuum expectation 
values. Since non-zero values of Q, Q give a mass of order ^JQQ to the gluons, the gauge 
symmetry is unbroken at the energy E in the region where ^/w is smaller than a value 
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of order E. The precise value Zw — suggests that the quark kinetic term is given by 



Z^Q'^Q + QQ^) and the mass of the gauge boson is y ZQQ. Thus, the gauge dynamics 



is important at the energy E only in the region y\Zw\ < E, or \Zw\ < E , where |y| is 
smaller than 

y'{E) = {Z-^EY'- (2.22) 

To summarize, the SU{Nc) gauge dynamics is relevant in the region |f | < ZE and \w\ < 
Z'^E"^, and the value of |/ at the boundaries are y{E) and y'{E) given by (2.21) and (2.22) 
respectively. 

We now want to measure the effective gauge coupling constant g{E) at the energy E. 
In the case of = 2 super- Yang-Mills theory, we have seen that l/g^{E) is 1/R times 
the length in the x^-direction of the part of the fivebrane in which the gauge dynamics is 
relevant at the energy E. In other words, e^^ld^^^^ is given by the ratio of the values of the 
coordinate t = c^^'''/R-«^^° qx the two boundaries of the relevant part. The holomorphic 
coordinate analogous to t is y in the present case: It is the only complex coordinate 
that has an asymptotic behaviour ~ q-x^/r-ix^° large and does not vanish at a 
generic point in both of the components C and C . Therefore, we propose that 
is likewise given by the ratio of the values of y at the boundaries of the relevant region, 
i.e. y{E)/y'{E). 

This may require some explanation. The logarithm of the ratio of the two values 
of y is in general not close to l/i? times the distance of the boundaries. This is not a 
problem since the definition of the gauge coupling constant is likely to be corrected by the 
intersection with the sixbranes. At present, we do not know the precise way to measure 
the gauge coupling constant in such a situation. Fortunately, there is one parameter c 
corresponding to the relative position of the sixbranes and the fivebrane system in the x^- 
direction, which has no counterpart in the four-dimensional gauge theory. It is expected 
that the change of c is irrelevant in gauge theory as far as the curve is smoothly deformed. 
Especially, a change of c does not affect the holomorphic object, such as holomorphic gauge 
coupling constant. We can tune c so that all the sixbranes are sent far to the right [x^ 
large). Then, the sixbranes goes away from the region sandwiched by the two boundaries. 
In the limit x^ — > -|-oo where the effect of the intersection with the sixbranes is suppressed, 
\\og{y{E) / y' {E))\ approaches 1/R times the actual distance of the two boundaries. 

We thus obtain 

y'{E) \e) 

This is the same as the one-loop running of the gauge coupling constant of the SQCD. 
The appearance of the factor Z^f is actually consistent with the interpretation of Z as the 



Z^i. (2.23) 
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normalization factor of the quark kinetic term Zi^Q'^Q + QQ^) with respect to the fields 
Q, Q such that the meson matrix QQ is identified with the parameters Mj. In order to 
show this, we first note that the gauge coupling in N — 1 SQCD depends on the choice of 
variables for the quark multiplet. Rescaling of the quark superfields Q — > y/(Q, Q — > y/CQ 
generates a Jacobian which shifts the inverse square of the gauge coupling constant as 
e~^/^^ — > C^/e~^/^'^ [23,24]. The standard and unambiguous prescription to define the 
gauge coupling constant is to choose the variable such that the quark kinetic term is 
canonically normalized at a given energy E. Since we have made no choice of variables 
when defining the coupling constant g{E) as (2.23), it is natural to consider it as gauge 
coupling constant defined in the standard way. By using the rescaling symmetry (2.18) 
with — Z,we can make Z ^ 1 and this induces the change of parameters as Mj — > ZM^ 
and A3^--^/ ^ z^fA^^^-^f (2.19)-(2.20). With respect to the new variables M| = ZMi 
and A'^^''~^f — Z^^A^^^'^f , the quark kinetic term is canonically normalized and the 
gauge coupling constant g{E) has the standard expression e"^/^^*^^^ = {A' / E^^^'^f . The 
gauge coupling constant g{E) defined with respect to the old variables Mj is given by 
Q-^/9^{E) ^ (^A/E)^^''~'^-f and the relation to the standard one (2.23) reflects the rescaling 
anomaly of [23]. 

In supersymmetric field theory, the gauge coupling constant receives essentially only 
the one- loop correction, and (2.23) describes the e2;aci renormalization group flow provided 
Z changes according to the wavefunction renormalization Z ^ Z' under a change of the 
energy scale E ^ E' [21] (see also [24]). In the brane picture, Z is a fixed parameter 
and hence it appears that the brane does not capture the effect of the wavefunction 
renormalization. However, the renormalization Z — > Z' of the kinetic term of Q, Q 
suggests that the scale in the w direction must change from ZwiE) = E^ to Z'w{E') — 
E'"^. Then, the scale in the v direction changes as v{E') = Z'E', and the gauge coupling 
constant at the energy E' is given by e'^/^'^^') = {A/ E'f^--^f Z'^f . The flow g{E) 
g{E') is nothing but what arizes from the exact beta function of [21]. (To be precise, 
the beta function of [21] is concerned with "IPI" coupling whereas what we have been 
considering is the holomorphic, or "Wilsonian" coupling. The relation between them is 
known [22], and translates the flow described above to the flow of "IPI" coupling of [21].) 
Note that the length scale in the f -direction has changed as Ist^E igt^^E'. This may 
be interpreted as the effect on the component C from other components of the fivebrane, 
which we can no longer neglect as E is reduced since the boundary becomes closer to the 
other component C . 
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= 2 Broken to N ^ 1 



In order to examine the above idea to identify the gauge couphng constant, we consider 
N — 2 SQCD with N — 2 broken to A?" = 1 by giving a mass //a to the adjoint chiral 
multiplet. This model has been analyzed in [3] in the brane picture and it was shown 
that there are various barnches of the moduli space. 

When we only look at high energies compared to the scales determined by the vevs 
or the dynamical scale there is no difference between the various branches, and therefore 
we only look at the simplest one, the baryonic branch. The curve of the baryonic branch 
consists of several CP^ components and the two infinite components given by 



C { " C { " (2.24) 

[ v = ii^^w, [ w = 0. 

At an energy E, the scale in the v and w directions are set hy v{E) — E and w{E) — E'^ 
(here we set Z = 1 ignoring the wavefunction renormalization for simplicity) . 

The component C extends only in the v direction, and the gauge dynamics is relevant 
at E in the region with \v\ < E. The value of y at the boundary is y{E) = E^f'^" . 

On the other hand, the component C extends in the mixed direction w = n^v, and 
the region where the gauge dynamics is relevant depends on the value of E compared to 
/ia- For the values of v above v{E) = E the gauge group is broken by the adjoint Higgs 
field whereas w ^ E"^ is the scale where the gauge group is broken by the quark field. 
Note that the value of v at the quark Higgsing scale is vti{E) = n^^E^ in the component 
C. 

• When the energy E is much larger than yUa, the adjoint Higgsing scale is smaller v{E) <^ 
vyi{E) and hence the relevant region is \v\ < \v{E)\ with the boundary value of y being 
y'{E) = E^". Then, the gauge coupling constant is given by 



y'{E) E^^-^-^f ' 



^-'"'^^ = 57^ = -^mh^^ (2-25) 



and runs in the same way as in the original N — 2 SQCD. 

• When the energy E is much smaller than //a, quark Higgsing scale is smaller vb.{E) <g 
v{E), and hence the relevant region is \v\ < \vb.{E)\ with the boundary value of y being 



y'{E) — [ji^^E"^)^". Thus, the gauge coupling constant is given by 

2Nc-N 
=2 
-N 



I 7-i\ N A ^JVc — JV f 

yg^E) _ yiE)_ _ I^,^An=2 .2 261 



y>{E) ^3JVc 
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and runs in the same way as in = 1 SQCD with the dynamical scale A given by 

\3Nc-Nf _ ..N,\^^c-Nf 

This agrees with the behaviour of the effective gauge coupling in field theory. 

3 Electric-Magnetic Duality 

In this section, we consider the Type IIA limit of the configuration for N = 1 SQCD in 
more detail. Following the idea of [12], we will find two different limits which coincide with 
the Type llA configurations of [7] corresponding to the electric and magnetic description 
of the theory. The two limits are smoothly interpolated, and hence we may expect the 
universality class of the theory to be unchanged through the process. 

Sixbranes and CP^ Cycles 

As mentioned in the previous section, the description of the Taub-NUT space in terms 
of the coordinates y, x, v breaks down near the locus of the sixbranes. As far as the 
sixbranes are separated (in the direction in the present case), the Taub-NUT space is 
smooth and is described by introducing one coordinate system {yi,Xi) in a neighborhood 
Ui of each of the D6-branes (i = 1, . . . , Nf). These coordinates are related to y, x, v by 

y^yiXi , x^yi' , and = yiXi. (3.1) 

and are related to each other in the overlapping region Ui fl t/j+i by 

Xiyi+i = 1 and yiXi = yi+iXi+i. (3.2) 

There are Nf — 1 CP^ cycles Ci, . . . , Cat^-i. The cycle Cj is defined as the locus of 
yi = in Ui and Xj+i = in Ui+i. Or equivalently, by considering the Taub-NUT space 
as the circle bundle over the a;^'^'^ space, Ci can also be defined as the fibres over the 
straight segment in the axis stretched between the i-th and the {i + l)-th D6-branes. 
In particular, Ci_i and Ci intersect transversely at the position of the i-th D6-brane. The 
volume of the cycle Q is \x^ — x^_^_i \R. 

In the weak couphng Type IIA hmit R <^ igt: the CP^ cycle Cj looks hke a thin 
cigar connecting the two D6-branes. A fivebrane wrapped on Cj becomes a D4-brane 
stretched beteen the i-th and (i -|- l)-th D6-branes. Likewise, a membrane wrapped on 

Ci becomes an open string stretched beteen these D6-brancs and has a mass of order 
'^u'^lxi — xf_^i\R — £st~'^\x^ — xf_^_i\. Such membranes can be identified as the W-bosons on 
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the worldvolume of the D6-branes. In the hmit where all the D6-branes become on top of 
each other, there is an enhanced SU (Nj) gauge symmetry on the D6-brane worldvolume 
which is a flavor symmetry from the point of view of the worldvolume theory on the 
fivebrane. Since this is present already ior N — 2 configurations, it corresponds to the 
diagonal subgroup of the chiral flavor symmetry group of the SQCD. 



CP^ Components of the Fivebrane 

In addition to the two infinite components C and C of (2.15), the fivebrane consists 
of several components wrapped on the CP^ cycles Cj. As explained in [3], the number of 
CP^ components wrapped on Ci, . . . , C^^^i are 

^7V„...,iV, ,7V,-l,...,2,l. (3.3) 

Nf-Nc 

One of the equations describing C, 

x = A-(3^-^/)^;^/, (3.4) 

actually describes the whole configuration projected to the Taub-NUT space. Let us look 
at this equation in the i-th patch Ui, the neighborhood of the i-th D6-brane. The equation 
reads yf^~^xf^^^~^ — A~^^^''~^f^yf''xf''. If i is smaller than or equal to Nf — N^, the right 
hand side has lower powers of yi and Xi, and the equation splits to yj^" = 0, x^" — and 
^{Nf-Nc)-i^iNf-Nc+i)-i _ ^_(3iVe-Ary) Pj.qj^ lYie first and the second equations, we see that 

the fivebrane wraps Nc times on Q {i < Nf — Nc). The solution of the last equation is 
the infinite component C. If i is larger than Nf — N^ the left hand side has lower powers, 
and the equation splits to yf'~' = 0, xf^+'-' = 0, and ^;-(^/-^c)^p(iv,-iVe+i) ^ ^3iVe-iv,_ 

We see that the fivebrane wraps {Nf — i)-times on Ci {i > Nf — Nc) from the first and 
the second equation. The solution of the last equation is again the infinite component C. 
The solution to y^" = in the first patch is the projection of the other infinite component 
C. 

We depict in Figure 2 the fivebrane configuration at the origin of the moduli space (for 
the case with Nf > N^). The CP^ components can move in the x'^'^'^ directions and the 
self-dual two form on them can be turned on. The component C can also be deformed by 
turning on Mj in (2.15). These deformations of the curve correspond to the fiat directions 
of the field theory. ^ 

^It is a matter of question whether the component C can be translated in the x"^'^'^ directions and 
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Figure 2: The M Theory Configuration of SQCD 

3.1 The Electric Limit 

Let us consider the hmit A^^^'^^f <^ E^^^'^f for a fixed energy E and look at the 
fivebrane configuration with respect to the scales set by v ^ E and w ^ E'^. (Here we put 
Z — 1 by redefining Mj and A so that the quark superfields have canonically normalized 
kinetic term at the energy E.) We also take the hmit ^ L for a fixed length scale 
L keeping e^/^{K/ E)^^"'-^! to be of order 1. In the weakly coupled Type IIA limit 
R <S III with E < l/lstA/L, we will see an intersecting Type IIA brane configuration 
which corresponds to four-dimensional gauge theory. The resulting configuration depends 
on how to tune the parameter c in the limit. We first consider c to be fixed so that 
the Taub-NUT space remains well-described by the coordinates (y^, xi) except that the 
angular direction — > e^^y^, Xi — > e~^^Xi shrinks to zero size in the Type IIA limit. 

As we have seen, the infinite component C is described in the i-th patch by 

^(Ar,-iv.)-^^(Ar,-iv.+i)-« ^ ^-(3iv.-iv,)^ for 1 < i < A^^ - A^e (3.5) 
^Miv,-iv.)^Miv,-iv.+i)^^3M,^ iorNf-N,<i<Nf. (3.6) 

Let us see how this curve behaves in the limit A^^'^"-^-'' ^ in each patch: 

{i < Nf — Nc): Equation (3.5) shows that either yj or Xi diverges. Namely, the curve C 
goes away from this patch. 

whether its self-dual two form can be turned on (a;^'^ translation corresponds to turning on J2i ^i)^ since 
it appears to cost an infinite amount of energy due to the non-compactness of the component C . The 
moduli space of the worldvolume theory have the same dimension as the field theory moduli space only 
when these degrees of freedom are considered as moduli but not as parameters. 
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{i — Nf — Nc + l): Equation (3.6) reads yi — A^^= ^f, which becomes = in the hmit. 
Namely, the curve C wraps once on the CP-*^ cycle Cj = Cn_^.^n^+i. 

(^i = Nf - Nc + 2): Equation (3.6) reads yfxi = A^^'^'^f. As A^^'^-^'f is sent small, for 
a fixed non-zero y^, the Xi value becomes small. On the other hand, for a fixed non-zero 
Xi, the two branches of yi value both become small. In the limit A^^'^'^f 0, the curve 
C wraps once on Ci_i = Cat^-at^+i as we have seen, and twice on Cj — C]s[j-Nc+2- 
{i > Nf — iVc + 1 in general): Equation (3.6) shows that, in the limit, the curve C wraps 
i — {Nf — Nc + l) times on Ci-i and i — {Nf — Nc) times on Cj. 

Thus, in the strict A^^'=^^^ = limit, the component C wraps on the CP^ cycles 
Ci, . . . , Cjvy-i with the following multiplicity^ 

0^_^,l,2,...,Ar,-l. (3.7) 

Nf-Nc 

If we look at the last patch {i — Nf), we see that the curve wraps A^c-times the locus 
of yNf = 0. This locus is the x axis which looks like a semi-infinite cigar. In particular, 
it appears that the curve becomes infinitely elongated and the worldvolume theory can 
no longer be considered as a four-dimensional theory. However, we recall here that we 
are taking the limit i? — > at the same time by keeping A^^^'^fe^^^ = E^'^'=~^f finite 
for some L. Then, the v value starts growing exponentially at some value of around 
x^ = L in the scale set by E. Beyond such values of x^, gluons and gluinos have a large 
mass compared to E, and does not contribute to the dynamics. 

Together with the other infinite component C and the original CP^ components, we 
find that the configuration of the fivebrane looks as in Figure 3. In the Type IIA limit, 
this is nothing but the configuration of [7] describing the N — 1 SQCD with gauge group 
SU{Nc) and Nf fiavors. 

Actually, we have not carefully looked at the behaviour of the component C in the 
limit. The component C starts blowing up in the w direction at x^ — —L' where L' 
is given by cq^' I^\J2L'^^ ~ e"^^" (for simplicity we have put the D6-branes on top of 
each other). If we fix the constant c as in the discussion above, L' approaches zero as 
— > and therefore the component C becomes close to the D6-branes. ^ If we want 
to have a configuration as depicted in Figure 3, we must take a limit c — > such that 

^This argument was used in [3] to obtain this configuration for A'' = 1 SQCD by rotating the N = 2 
configuration by an angle /i and taking the ii oo limit. 

^It is interesting to note that this limit leads to a configuration where an NS' brane divides the D6- 
branes into two parts. This is the configuration to which the chiral flavor symmetry is attributed in 
[25]. 
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Figure 3: The Electric Limit. (The original CP^ components have been moved from 
w — in order to avoid confusion with the new ones.) 

ce^'^^^/2L' ^ ~ i^2Afc ]-^q1(Js fQj. fixed L' and E. In such a limit, y and x degenerates 
even away from the sixbranes and the Taub-NUT space is no longer well-described by 
the coordinates {yi,Xi) defined by (3.1)-(3.2). However, we can rescale the coordinates so 
that the configuration is still described by (3.5) and (3.6) with A^^'=~^-' being replaced by 
^-iy^3Afc-Af/^ Therefore, as far as c~^A^^''^^f becomes zero in the limit (i.e. as long as L' 
does not exceed L), the behaviour of the other component C remains the same and we 
obtain the configuration as depicted in Figure 3. Things are different if c ^ is taken so 
that c~^A^'^''~^f does not become zero; for example, if it blows up. It will become clear 
what we will obtain in such a limit once we consider the other limit, A^'^'^'^f ^ cxd as we 
will do shortly. 

The above configuration was obtained in [3] by rotating the configuration for asymp- 
totic free N = 2 SQCD and therefore, strictly speaking, one can claim only for Nf < 2Nc 
that it corresponds to SQCD. However, it is clear from what has been observed (identifi- 
cation of the gauge coupling constant and the existence of correct Type HA limit), that 
it applies also for 2Nc < Nf < 3Nc. This is actually true even for larger number of fiavors 
Nf > 3Nc. In either case, if A^'^'^"^-'' <^ E^^"'^^ the gauge theory on the brane is weakly 
coupled at the energy E < 1/ist ^ ^-/R where extra degrees of freedom are heavy, and 
therefore the configuration does indeed correspond to SQCD. For Nj > 3Nc, the limit 
^3Nc-Nf ^ ^3Nc-Nf corresponds to E <^ A. In fact, A in such a case is considered as the 
Landau pole of the infra-red free theory, and hence at energies much smaller than A we 
have weakly coupled gauge theory. 
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3.2 The Magnetic Limit 



Let us consider the opposite hmit A^^= — > oo and look at the configuration with 
respect to some fixed scales in the v and w directions. 

Prom (3.5) and (3.6), we see that the component C behaves in the limit A^^'^'^f oo 
as follows: 

{i < Nf — Nc): Equation (3.5) shows that, in the limit, the curve C wraps Nf — Nc + l — i 
times on Cj_i and Nf — Nc — i times on Cj. 

{i = Nf — Nc): Equation (3.5), Xi = A^^^^^'^f^ becomes = in the limit, showing 
that the curve C wraps once on Ci_i = Cnj,-Nc-i- 

{i > Nf — Nc): Equation (3.6) shows that either or Xi diverges. This means that the 
component C goes away from this patch. 

Thus, in the strict limit A^^=~^-f = oo, the component C wraps on the CP-*^ cycles 
with the multiplicity 

Nf-Nc-1,... ,2,1,0,. ..,0. (3.8) 

' V ^ 

Nc 

If we look at the first patch {i — 1), it appears that the component C wraps Nf — Nc 
times on the y axis (described by xi — 0) and becomes infinitely elongated in the limit 
^3Nc-Nf _^ However, if we take also the limit — > at the same time by keeping 
fixed A'^^^^'^f^e^^^ for some L, the value of v starts growing exponentially at some value 
of x^ around x^ — —L. 

Together with the component C and the original CP^ components, we see that the 
fivebrane configuration in the limit looks as in Pigure 4. Here again, in order for the 
component C to look as in Pigure 4, we need to tune the parameter c as c ^ as 
indicated in the electric limit. If we keep c fixed, the component C approaches the 
sixbranes. 

In the weakly coupled Type IIA limit, the configuration in Figure 4 is nothing but 
the one of [7] describing the magnetic theory. In particular, we can recognize the SU{Nc) 
gauge symmetry in a part of the component C, namely, in the region sandwiched between 
the part of C with large values of v (which is identified with the NS 5-brane) and the part 
of C with large values of w (which is identified with the NS' 5-brane). The rest of the 
curve, to the right of the NS' part of C", are identified with the D4-branes representing 
the singlet meson field. 

Unlike in the brane motion of Type IIA configuration [7], we do not have to turn on and 
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Figure 4: The Magnetic Limit. (The component C has also been moved from w = to 
avoid confusion with the component C .) 

off the "Fayet-lhopoulos parameter" to avoid the intersection of the NS and NS' fivebranes. 
The components C and C auotomatically avoid each other and are well-separated in the 
process before taking the Type IIA limit. 

The Magnetic Coupling 

In order to measure the SU{Nc) gauge coupling constant, we must be more precise 
about the identification of the regions of C and C with the NS, D4 and NS' branes. For 
this, we need to set an energy scale E. 

We start with identifying the Nf D4- branes stretched between NS' and the left most 
D6-brane. We see from Figure 4 that Nc of them come from C and Nc from C. Motion 
of these D4-branes in the w-direction corresponds to the fluctuation of the Nj eigenvalues 
of the gauge singlet meson. Those from C are stuck a,t w — but those from C" varies 
as a function of y as w ~ y^/^'=. The singlet meson is hght compared to the mass scale 
E when the separation of the eigenvalues are smaller than E. Therefore, we may identify 
the Nc of the D4- branes under question as the part in C" with |ty| < /lE, where we have 
introduced a constant mass scale /i to match the dimension. In other words, it is the 
part with \y\ < \y'{E)\ where y'{E) — [jiE)^". For this region of y, the distance between 
the two components C and C in the v direction is much smaller than their distance in 
the w direction in the weakly coupled Type IIA limit. Therefore, we can identify the Nf 
D4-branes as the region of the components C and C" with |y| < \y'{E)\ (except the part 
of C wrapping the CP^ cycles). 

We next distinguish the Nc D4-branes from the NS 5-brane in the component C. Since 
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the scale in the w direction is already set by w ~ jiE, the scale in the I'-direction is set 
by w ~ jji'^E'^. Thus, the boundary between the NS5-brane and the D4-branes should be 
aXy = y{E) := A^'^^-'^f {i_i-^EY 

Therefore, we can identify the A^^^ D4-branes responsible for the SU{Nc) gauge dy- 
namics as the region of the component C with \y'{E)\ < \y\ < \y{E)\. In particular, the 
gauge coupling constant g{E) of the magnetic SU (Nc) theory at the energy E is given by 

y{E) £;3iVc-iV/ ^ ' 

The relation (3.9) implies that the dynamical scale A of the magnetic theory is given by 

^m.-Nf^ZN^-Nf ^ ^Nf ^ (3.10) 

which is a familiar formula in field theory [26] . 

Holomorphic Description of the Magnetic Theory 

Under a suitable change of the coordinates, we can express the curve purely in terms 
of the observablcs of the magnetic theory. From the discussion of the energy scales, it is 
natural to change the coordinates w and v as 

w — /iw, V — 11"^^). (3-11) 

Accordingly, we also change the coordinates y and x as y = fi'^^^y, x = fi'^^'^'^^f^x. Then, 
the complex structure of the space-time is described by yx — v^f , and the curve is given 

by 

[ w = 0, [ V = 0. 

In the above expression, Mj are the eigenvalues of the singlet meson in the magnetic 
theory which are related to the electric variables Mj by 

Mi^fxMi. (3.13) 

The fact that there are only Nc parameters is consistent with the fact that at most only 
Nc eigenvalues of the singlet meson can have non-zero vevs [8]. By the transformation 
properties under the rotation in the 45 and 89 planes, ^ it is natural to identify v as the 
^We record the U{1)45 and U{l)s9 charges of the parameters and fields: 

x{x) y{y) v{v) w{w) A^^^-Nf qq A^^-=-^f qq hi 

U{l)i5 2Nf 2 2N^-2Nf 2N^ 2 2N^ 
U{l)s9 -2Nc 2Nc 2 2Arc 2 2Nc -2Nc 
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magnetic meson field qq. This leads to an interpretation of our claim that the region of 
D4-branes in C is in \v\ < n'^E'^, namely in l^l < E"^; For \v\ > E"^, the gauge group 
is broken at an energy above E by the Higgs mechanism and does not contribute to the 
dynamics. Also, the fact that there is no characteristic parameter in the t'-direction is 
consistent with the fact that the vacuum expectation value of the magnetic meson is zero. 
As in the electric theory, by looking at the U{1) charge, we may identify the magnetic 
baryon vev with the separation of the values of h^^^'^fy dXv — w — Q between the two 
components C and C: 

bb^A^''^-''fAy . (3.14) 



v=w=0 

"n, 



In the above expression, hh is the combination (1/Ai'c!)&ii,...,j~ h Nc of the magenetic 
baryon fields which is invariant under the action of the diagonal subgroup U (Nf) of the 
chiral flavor symmetry group. By the equations defining C and C, we have 

b b = (-1)^=A3^-^/ Yl M, (3.15) 
1=1 

which agrees with the quantum modified constraint of the magnetic theory. Actually, this 
can be considered as a consequence of the relation BB := Ay\^=^=Q = (-1)^' Y\7=i Mi 
corresponding to the classical constraint of the electric theory under the map [26] of the 
observables 

66 = //-^=A=^^=-^^SS, (3.16) 
which follows from the coordinate transformation y = n^^^y. 



The Scale n 

We now determine the value of the scale ji. Let us go back to the problem of distin- 
guishing the D4-branes from the NS' brane in the component C . These Nc D4-branes, 
together with the Nc D4-branes from the component C, are interpreted as representing 
the Nf eigenvalues of the gauge singlet meson field, which is a chiral multiplet in the 
adjoint representation of the diagonal flavor group U{Nf). Therefore, it is the same kind 
of problem as the one of section 2.1 distinguishing the D4-branes from the NS5-branes in 
the configuration of the N — 2 super- Yang-Mills theory. As in that case, the D4-branes 
are identified as the region where the configuration looks hke nearly coincident D4-branes 
compared to the length scale (-st'E. Since the length in the u'-direction is measured by 
the Nc D4-branes corresponds to the region in C with < igt^E, namely 



21 



\w\ < ^E. This shows that 

/.= i (3.17) 

The space-time metric in the 45-89 directions, which is expressed at large v ^ R/lgt' 
as l^j^dvp -I- Ifii^dtwp, is expressed as j^n^dvp -|- \lst^<^w\'^ in terms of the magnetic 
coordinates v and w defined by (3.11). Note the symmetry between the two expressions 
of the metric. 

So far, we have been assuming Z = 1 and also that the magnetic quarks have canon- 
ically normalized kinetic term. We can easily relax this conditon as follows. Wc con- 
sider Z to be general, and also the magnetic quarks to have kinetic term Z[q^q + qq'^) 
at the energy E. Then, the scales in the v and w directions at this energy are set 
by ~ Z~^E^ and w ~ ZE. Since the length scale in the w-direction is set by 
ist^E, we have igt^E — ix\Zw — ixyZ^iw and therefore the scale \x is given by // = 
^-1^-1^ Then the space-time metric in the 45-89 direction at large v is expressed as 
\i,t^Z-^Av\^ + l^n^Zdwp = \ix^Z&j\^ + \i,i^Z-^Aw\^. 

3.3 Deformations 

3.3.1 Mass Perturbation of the Electric Theory 

Let us consider turning on a mass term of one of the quarks of the electric theory 

Wiree = TnQ^*Qi^ (no sum over i^,) (3.18) 

This corresponds in the brane picture to lifting one of the sixbranes from v — to 
V = —m. The W-boson stretched between the sixbrane and the D4-branes has a mass 
£sj~^A|a;^ + ix^\ = Z~^\m\. This is nothing but the quark mass under the identification 
of Z in (2.17) as the normalization factor of the quark kinetic term / d*^^ Z{Q^Q + QQ^). 

Suppose we are lifting the i*-th sixbrane (from the left) with 1 < u < Nf. Then, the 
two-cycles Ci^_i and Cj^ defined as the fibres over the segments Xi^] and [xj^, Xj^+i] 

become tilted and are no longer supersymmetric with respect to the supersymmetry pre- 
served by the fivebrane components wrapped on other cycles. However, the cycle C 
defined as the fibres over the straight segment [xi^-i, Xi^+i] is in the line v — and is still 
supersymmetric. This cycle is a smooth two-sphere with a neck in the middle which has 
a circumference ~ 4:7r£st^\in\ if igt^m <^ R. What has been said applies also for i^ — l,Nf 
with an obvious modification. 
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Figure 5: Lifting the i*-th Sixbrane 

The fivebrane configuration is supcrsymmetric after the deformation only when the 
components wrapped on Cj^_i and Cj^ merge into components wrapped on C. This is 
possible only if the numbers of components wrapped on Ci,_i and Cj, are equal and 
their location in the x^'^'^ directions match. Therefore we can lift the sixbrane only for 
= 1, . . . , A^/ — Nc- In particular we cannot lift any one of the sixbranes when Nf — Nc- 
This is actually consistent with field theory since giving a mass to a quark would lead to 
SQCD with Nc — 1 massless quarks which has no supersymmetric stable vacuum [27] . 

The holomorphic description of the curve after lifting the sixbrane remains the same 
as (2.15) where x and y now obey the relation 

yx^v^f~\v + m). (3.19) 

The limit m — > oo exists if A is sent to zero so that Af = mA^^-^/ is kept 

fixed and if a; = m'^x becomes a good coordinate. In this case, the expression of the 
curve (2.15) goes over to the one corresponding to the theory with Nf — 1 fiavors whose 
dynamical scale is A^;,. 

In terms of the real coordinates, y and x are expressed for large m as 



c X e-(^VR+i^'") Y[\/\x-Xi\- {x^ - xf) . (3.20) 




x = mc-^x{ . ] ' Q-VR+^-'" Yl ^\x-Xi\ + {x^-xf) , (3.21) 

\X +ZX \ J 



where c = (£st\J\i^\/ Z . Therefore x (and also y) remains a good coordinates in the limit 
m — > oo if c is sent to zero so that c is kept fixed. 

It is easy to see the consequence of hfting the sixbrane in the Type IIA limits. In the 
electric limit, it is just to hft a D6-brane with certain rejoining of the D4-branes (see Figure 
6). In the magnetic limit, a D4-brane ending on the lifted sixbrane is created (see Figure 
6) . It is at = —jim in the magnetic coordinate. This corresponds to the Higgsing of the 
magnetic theory, = —jim, induced by the superpotential Wmag — j^Mqq +mMl*. 
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(a) 



(b) 



Figure 6: The Deformation (3.18) in the case N,. = 2, Nf — 4. 
The mass deformation in the electric theory (a) corresponds to the Higgsing in the magnetic 
theory (b). 

This is the brane reahzation of the correspondence of mass-deformation of the electric 
theory (making the couphng stronger) and the Higgsing of the magnetic theory (making 
the couphng weaker). 

3.3.2 Higgsing the Electric Theory 

It is possible to have a supersymmetric configuration if we lift all of the sixbranes from 
v = 0: 

yx^Hiv + rrii), rrii^O. (3.22) 
1=1 

This corresponds in field theory to giving bare mass to all of the quarks, and the low 
energy physics is that of SU{Nc) super- Yang-Mills theory with the dynamical scale Al 
given by A^^^ — nii - ■ ■ ■mK[^h?^''~^f which exhibits chiral symmetry breaking Ti2Nc ~^ '^2- 
The baryon operators have zero vevs but the meson vev is non-zero, M — diag(A|/mi). 
The brane configuration as obtained in [3, 5] consists of a single component 

vw = A|, (3.23) 
X = A-3iVc+iV/^iVc_ (324) 

Indeed, there are possible configurations corresponding to the Nc solutions for A|. 
The result applies also to the case Nf < N^. The relation between y and w is y = 
^Nc-Nf Yl^J^i^w + K\/nii) and the eigenvalues of the meson matrix appears as the root 
of y = 0. In the case Nf < N^ the meson vev M — K\/m follows from the dynamical 
generation of the superpotential [27] in the field theory side. Thus, one can say that the 
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brane configuration encodes an information about the supcipotential generation. There 
is also a similar interpretation for higher flavor cases Nf > N^. 

Let us consider the limit where Nc of rrii approaches zero as rrii = arhi, a — 
(i = Nf — Nc + 1, . . . ,Nf) with rrij kept finite. Then, A^/rrii approaches zero for i = 
1, . . . , Nf — Nc, but it remains the same for i = Nf — Nc+ 1, . . . , Nf. In field theory, this 
leads to a vacuum of SQCD with Nc massless and Nf — Nc massive quarks given by 

M = diag(0,...,0,Mi,...,MArJ, B^B^O, (3.25) 

where Mj = A|/mArj._Ar^+i. At this stage, we can send mi, . . . ^mjsij-Nc to zero keeping 
fixed Mj, which yields a vacuum of SQCD with Nf massless quarks with the meson 
and baryon vevs as in (3.25). In the brane picture, the corresponding procedure leads 




Figure 7: The Configuration Corresponding to the Vacuum (3.25) 

to the configuration as depicted in Figure 7, where the CP^ components make rows at 
= -Mi,...,-Mjv,. 

Decoupling 

Let us consider sending one of the meson eigenvalues, say M^^ in (3.25), to infinity: 

— ^ oo. (3.26) 

In field theory, this leads to SU{Nc — 1) SQCD with Nf — 1 fiavors when A is tuned 
so that Mpf^A^'^'^'^f is kept fixed. The dynamical scale A of this theory is given by 

^3(7Vc-l)-(iVy-l) ^ MZr^A^^^-^f. 

In the brane picture, this corresponds to sending the Nc-th row at w — —M^^ to 
infinity. One can also send the right-most D6-brane to the infinity x% — > +00 at the 
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same time. Then, it is appropriate to use the coordinates y = M^^^y and x — Mn^v~^x 
which are expressed in the hmit as (2.12) and (2.13) where Nf and c are replaced by 
Nf — 1 and c = M^^ ^J2x%~c. In terms of these coordinates, the expression of the curve 
(2.15) goes over to the one with Nc, Nf, A being replaced by Nc—l, Nf — 1, A. The number 
of components wrapping Ci has reduced by one for i = 1, . . . , iV/ — 2 while the last CP^ 
cycle C;v/-i has become infinitely elongated and no fivebrane wrapps on it. 




Figure 8: The Decoupling (3.26). 
Higgsing in the electric theory (a) corresponds to giving a mass to a quark in the magnetic 
theory (b). 

In Figure 8, we depict the two Type IIA limits of the above process. In the magnetic 
limit, the color remains the same but one quark has decoupled, Nf ^ Nf — 1, because of 
the large mass given by the singlet meson vev. 

3.4 Brane Move and Universality Class of the Worldvolume Theory 

In this section, we have seen that the two Type IIA brane configurations describing the 
electric and magnetic theories of [8] arize from a common configuration of the fivebrane in 
M theory. The space-time and the configuration depend on, among others, the parameters 
R and A or A which are related by A"^^'=^^-' A"^^'=^^-f ~ R~^f . The electric limit arizes by 
first sending A'^^'^^^-f ^ i^^A^c-Af/ ^j-^g eleven- dimensional supergravity region in, 
where E is an energy scale determining the unit of lengths in the x^'^'^'^'^ directions, 
and then scaling down to the weakly coupled Type IIA string theory region R ^ in, 
E < Mst with the ratio A/E kept fixed. The magnetic limit arizes by first sending 
p^3Nc-Nf ^ £j3Nc-Nf ^Yie eleven-dimensional supergravity region and then going down 
to the weakly coupled Type IIA region with the ratio A/E kept fixed. The two M 
theory configurations before the Type IIA limit are smoothly interpolated without a 
change in the complex structure. 



26 



There have been a lot of works concerning the interpolation of the electric and magnetic 
configurations by brane moves within the weakly coupled Type IIA region [1] . A move of 
branes, when it corresponds to a change of parameters of the gauge theory, changes the 
physics of the worldvolume theory. If the move corresponds to a change of parameters 
that have no counterpart in four-dimensional gauge theory, then, it is believed that it 
does not change the physics. An example of such "irrelevant moves" is changing the 
position of D6-branes in the x^-direction relative to each other or with respect to the 
NS5 and D4-brane system (this fails to be irrelevant in some cases, as we will mention 
shortly). Another example is changing the relative separation of the two NS5- branes, 
which corresponds to a change of the gauge coupling constant. When the gauge theory is 
asymptotic free, or more generally, when the gauge coupling runs at high energy, this just 
corresponds to a change of the overall scale of the theory and is irrelevant in the infra-red. 

Indeed, what is done in the literature [1] is to utihze the latter move to derive the = 1 
duality. However, in the course of interpolating the electric and magnetic configurations 
by this move, there is a point at which the NS5-brane intersect with the other NS5-brane 
or the D6-branes. Thus, this brane move looks as a singular process and it is not obvious 
whether we can expect that the universality class of the theory remains the same. Actually 
it was proposed in the very first literature [7] that the singularity in the process may be 
avoided by another move which corresponds to turning on the Fayet-Iliopoulos parameter 
of a C/(l) factor of the gauge group. It is doubtful whether the gauge group has an U{1) 
factor or not. However, even if there is a C/(l) factor, turning on the FI term moves 
the theory away from the origin of the moduli space at which most interesting physics 
is concentrated. In addition, when the gauge group is symplectic or orthogonal groups, 
which can be realized by introducing an orientifold-plane, there is no room to turn on the 
FI parameter and the singularity seems unavoidable [10, 11]. 

What we have done in this section is related to this Type IIA brane move since we 
have changed the parameter A corresponding to the dynamical scale of the gauge theory. 
It can be considered as a resolution of the singularity of the Type IIA brane move by 
going to M theory. The brane move in the supergravity region is completely smooth and 
we do not have to turn on the FI parameter (which is actually impossible since we are 
considering the the gauge symmetry to be SU{Nc)). We will see in the following sections 
that the method also applies effectively to the case of symplectic or orthogonal gauge 
groups where FI term never exists: the singularity which is inevitable in the Type IIA 
move is resolved by going to M theory. Also, we have mainly considered the case where 
the quark mass terms are turned off. The mass term, as the FI term, would take the 
theory away from the interesting point. 
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Does the universality class of the theory remain the same? The most subtle point is of 
course the strong string coupling limit Qst ^ 1 at the starting point of the interpolation, 
and the hmit R <^ In in the final stage. As Qst is increased, degrees of freedom other than 
the gauge fields starts strongly coupled and the theory is no more a simple gauge theory. 
Nevertheless, it is true that a four-dimensional supersymmetric field theory exists in the 
infra-red limit at an arbitrary values of Qst- No matter how large it is, if one look at the 
configuration from an extremely long distance, it looks the same as the starting Type IIA 
configuration as far as we scale up everything as indicated above. The universality class 
of a theory is a discrete notion unless there is a parameter coupled to a marginal operator. 
In supersymmetric theories, such a parameter is usually a complex parameter that can 
enter into the superpotential. In the present case, the parameters we are changing are 
R and c which are independent real parameters.^ Therefore, these cannot enter into 
the superpotential but only in the Kahlcr potential. Then, as long as the process of 
interpolation is smooth, it is highly possible that there is no singular change in the Kahler 
potential, and we can expect that the universality class remains the same. The fact that 
we can identify the gauge coupling constant that fits with NSVZ exact beta function 
suggests that this worldvolume theory is smoothly connected to the ordinary SQCD or its 
magnetic dual. Therefore, there is a high possibility that the universality class is constant 
throughout the process of interpolation. 

A General Condition 

One thing wc arc really interested in is under what kind of brane move the universality 
class of the worldvolume theory remain unchanged. From what we have argued, we 
propose the following general condition: Two theories that are realized by Type IIA brane 
configurations are equivalent in the infra-red limit when they are smoothly interpolated 
by a family of configurations of M theory fivebrane whose complex structure is constant 
through the process of interpolation, where the family is parametrized by real parameters. 

For illustration, let us consider moves of D6-branes of the electric Type IIA configu- 
ration in the x^-direction (see Figure 9). 

(1) Suppose we change the separation of two neighboring D6-branes, which looks like a 
smooth move even in Type IIA region. This corresponds to simply changing the size 
of the CP^-cycle in the M theory configuration, and hence is a smooth deformation of 

-'^The situation would be different if one other direction of the space-time, say , is compactificd on a 
circle. Then, its radius can combine with the parameter R to make a complex parameter and the theory 
can continuously depend on it. 
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Figure 9: Moving D6-branes 



the curve with no change of the complex structure. The size of CP^ is of course a real 
parameter. (This again fails when we compactify another direction on a circle; the period 
of the three-form in M theory becomes a complex partner.) Therefore, it does not change 
the universality class. Indeed, the Kahler metric of the Higgs branch of = 2 theories 
was computed in [6]. The metric explicitly depends on the separation of sixbranes, but 
the relevant information — the information about the singularity — is independent. (In 
this particular example, it can explicitly be shown that the dependence on the separation 
disappears in the weakly coupled Type IIA limit R/ In 0.) 

(2) Let us next consider moving the right-most D6-brane to the right of the NS5-brane. 
Then, the D6-brane necessarily intersect with the NS5-brane and a single D4-brane 
stretched between them is created. This looks like a singular process. In M theory config- 
uration, this corresponds to changing the real parameter c in the definition (2.12) of the 
complex coordinates y and ,x, and hence is a smooth deformation of the curve without any 
change in the complex structure. The brane "creation" in Type IIA simply corresponds 
to an approximate wrapping of the fivebrane on the CP^ cycle, and is indeed a smooth 
process. Nothing is actually created, and there is no singularity nor topology change. 
Therefore, it does not change the universality class. 

(3) Finally, let us move the left-most D6-brane to the left of the NS'5-brane. If we keep the 
D6-brane at x^'^ = through the process, it must coincide with the NS'5-brane and looks 
singular. Indeed, an analogous move in Af theory is singular as well. However, one could 
move the D6-brane around the NS'5-brane by turning on and off the mass parameter. 
Namely, first lift the D6-brane to x"^'^ ^ 0, move it to the left in the x^-direction, and 
then move it down to x"^'^ = 0. This looks equally smooth compared to the move used 
in "deriving" the = 1 duality within the Type IIA region: turning on and off the FI 
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parameter. It is possible to do the similar move in the M theory configuration. However, it 
is actually not a smooth move and it also changes the complex structure. The singularity 
occurs at the very beginning of the move. When the mass is turned on the topology of the 
configuration changes, as we can see by looking at Figure 5. After that, the configuration 
is smoothly deformed without any change of the complex structure. Therefore, the total 
move may change the universality class. Actually, the configuration after the move is 
smoothly interpolated to the configuration with one less fiavors without change of the 
complex structure, by sending the D6-brane to — > — oo. Thus, the universality class 
after the move is the same as the one of the theory with Nf — 1 fiavors. 

4 Symplectic Groups 

In this section, we generalize the above consideration to SQCD with symplectic gauge 
groups. We show that the fivebrane configuration has two Type IIA limits corresponding 
to the electric and magnetic descriptions. Also, we show that the fivebrane configuration 
proposed in [20] for the dynamical supersymmetry breaking model of [30, 31] (lYIT model) 
has the correct Type IIA limit. 

4.1 SQCD with Symplectic Gauge Group 

In order to realize symplectic gauge group, we consider M theory background that 
reduces in the Type IIA limit to orientifold four-plane. In particular, we consider M 
theory on x M^/Z2 where is a product of the Taub-NUT space of A2Nf-i type 
(described by y, x, v as in the previous sections) and (parametrized by x'^ and w oc 
x^ + ix^), and the Z2 acts as y ^ y. x ^ x, v — > —v and x'^'^'^ — > —x'^'^'^. The Taub-NUT 
space is covered with 2Nf coordinate patches as explained in the previous section, and 
the Z2 acts on the coordinates as {yi,Xi) — * {{—ly^^yi, {—lyxi). In particular, it fixes the 
CP^ cycles C2i point-wisely, but acts on C2i+i as the 7r-rotation around the intersection 
points with and €21+2 ■ 

The Fivebrane Configuration 

The fivebrane configuration for Sp{Nc) SQCD with Nf > flavors can be obatined 
by rotating the N = 2 conflguration of [28] . ^ 

^This was essentially done in [20], but there was a subtle error in the starting N = 2 configuration. 
Here we start with the correct one [28] and present the correct result for A'' = 1 SQCD. 
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The fivebrane consists of two infinite components in x~ = 

and several CP^ components wrapping tfie cycles Ci, . . . , C2Nf-i- The number of five- 
branes wrapping the cycle Q is 2Nc + 1 for odd i and 2Nc + 2 for even i if 1 < i < 
2A^/ - 2N^ - 2, and it is 2[(2A^/ - i)/2] for larger i, 2A^/ - 2A^c - 1 < ^ < 2A^/ - 1. The 
infinite component C intersects transversely with the y-axis at y = A^^-'^^^^) if A^^ = 
while it intersects with the CP^ cycle C2Nf-2Nc-2 if Nf > Nc+1. In [28], it was shown that 
the Dirac quatization condition is not satisfied when the fivebrane in R^/Z2 orbifold inter- 
sects with the Z2 fixed plane transversely in a four-dimensional factor of the space-time. 
In other words, such an intersection, which we call a ^-configuration [20] , is forbidden. In 
order to avoid a ^-configuration, for Nf = + 1, the intersection points of C and C" 
with the y-axis in x'^'^'^ = must coincide, which requires Ylf=i^{—Mi) — A'^*^^°+^\ For 
Nf > Nc + l, since the number of fivebranes wrapping Ci is odd, the component C must 
intersects with the y-axis in x'^'^'^ = at 1/ = 0, which means that at least one Mi must 
be zero. Also, in the latter case, at least one pair of the CP^ components wrapping 
must be at x"^'^'^ = for each 1 < 2i < 2A^/ -2Nc-2 (see Figure 10). 





Figure 10: The M Theory Configuration of Sp{Nc) SQCD. 
Half of the component C is not written here in order to avoid complication. There are 2Nf 
sixbranes. The dashed horizontal lines and curves correspond to the Z2 fixed point set whereas 
the thin curves stand for CP^ cycles on which the Z2 acts as the 7r-rotation. 

The parameters iM^ in (4.1) are interpreted as the eigenvalues of the vev of the 
meson matrix M^^ — Q^J'^Ql [J"^ is the Sp{N^ invariant skew-symmetric form) and the 
above constraint on Mj is equivalent to the quantum constraint on M^^ in field theory. 
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The number of Z2 invariant deformations of the curve subject to the constraints to avoid 
i-configurations agrees with the dimension ANfNc — {2N^ + N^) of the moduh space of 
vacua of the field theory. 

The complex coordinates y, x, v and w are related to the real coordinates as (2.12), 
(2.13) and (2.17) where Nf is now replaced by 2Nf. In addition to the parameter and 
observables of SQCD, the configuration depends on two real parameters cZ'^^'^^'^e^'^i^i^^ 
and R as well as the separation between the sixbranes. 



The Electric Limit 

Let us consider the limit A^(^=+-^)~^-'' <S £'3{Arc+i)-iVy f^j. ^ fixed energy scale E and 
look at the fivebrane with respect to the scale set by v E, w E'^. The component C is 
sent to the right and wraps on the CP^ cycles C2Nf-2Nc-i, ■ ■ ■ , C2Nf-i with multiplicities 
1,2,..., 2Nc + 1. It also wraps on the x-axis with mulitplicity 2Nc + 2 and then blows 
up in the v-direction at y{E) = \e{Nc+i)-2Nf ^2Nf-2Nc-2_ rpj^g component C wraps on 
the y-axis and blows up in the w-direction at y'{E) = £;4{^c+i) xhe two regions with 
large v ^ E and large w ^ E'^ are interpreted as the NS5 and NS'5-branes in the Type 
IIA limit. Between them, the fivebrane wraps 2Nc + 2 or 2Nc + 1 times on the eleventh 
direction — 2Nc + 2 on cycles point- wisely Z2 invariant and 2Nc + l on cycles on which Z2 
acts as the 7r-rotation. In the weakly coupled Type IIA limit R <^ in, a pair of fivebranes 
wrapping each of the Z2 fixed cycles {C2i and the y- and x-axis at x^'^'^ = 0) is identified 
with the orientifold four-plane of ^p-type with trivial RR U{1) gauge field (which we 
denote by 04"'"). Similarly, a single fivebrane wrapped on each of the cycles C2i+i at 
2.7,8,9 = Q Qn -which Z2 acts as the 7r-rotation is identified with the Sp-tjpe 04-plane with 
a non-trivial RR Wilson line [28] (which we denote by 04^). The rest of the fivebrane, 
wrapping 2A''c-times on the eleventh direction, are interpreted as 2A^c D4-branes. These 
together yield Sp{Nc) gauge symmetry. 

The gauge coupling constant g{E) at the energy E can be read as in the SU{Nc) case. 
It is given by 



y'{E) \EJ 

The factor of two can be explained as in [29] as the consequence of a particular embedding 
oiSp{N^) to SU{2N^). 

As a summary, we depict in Figure 11 (e) the electric Type IIA hmit. Note that the 
dimension of the moduh space can be counted also by applying the "s-rule" found in [28] 
to this configuration. 
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The Magnetic Limit 



Let us next consider the opposite limit A^(^=+-'^)~^-'' — > oo. The component C is sent to 
the left and wraps on the CP-*^ cycles Ci, . . . , C2Nf-2Nc-3 with multiplicities 2Nf — 2Nc — 
3, . . . , 2, 1. It also wraps 2Nf — 2Nc — 2 times on the y-axis and starts blowing up in 
the I'-direction at some value of y. This value of y is much larger than the value where 
the component C starts blowing up in the w-direction with respect to some scale which 
wU be specified momentarily. Between the two regions with large v and w, the fivebrane 
wraps 2Nf — 2Nc — 2 times on the eleventh direction. In the Type II A limit, two of 
them are interpreted as providing a charge +2 to the orientifold fixed plane (consituting 
the 04+-plane) while the rest, 2A^c = 2iVj — 2Nc — 4 of them, are considered as 2A^c 
degenerate D4-branes. These together yield Sp{Nc) gauge symmetry. We can measure 
the gauge coupling at an energy E by setting the corresponding length scales in the v and 
w directions. As in SU{Nc) case, these length scales are set by w ~ fiE and v ~ fi^^E'^ 
where is a constant mass scale, and the Sp{Nc) gauge coupling g{E) is measured as 

^6{Nc+l)-2Nf ^ ' 

This yields the standard relation X^{N,+^)-2Nf\Q{N,+i)-'2Nf ^ ^2Nf between the dynamical 
scales of the electric and magnetic theories [32] (up to the sign ambiguity) . 

On the right of the region of C with large w ^ fxE (which is identified as the NS'5- 
brane), we have components of the fivebrane wrapping several times on the eleventh 
direction. The fivebrane wraps 2A^j-times in the region sandwiched between the NS'5- 
brane and the left-most D6-brane, while it wraps 2[i/2]-times on the CP^ cycle C2Nf~i- 
In the weakly coupled Type IIA hmit, these are all interpreted as the D4-branes stretched 
between the NS' and the left-most D6-brane or between neighboring D6-branes; the num- 
ber of times the fivebrane wraps is equal to to the number of stretched D4-branes. The 
Z2 fixed cycle €21 at x^'^'^ = is identified with the orientifold four-plane of -S'O-type 
(04~-plane) whereas the Z2 invariant but non-fixed cycle €21+1 at x^'^'^ = is identified 
with the yS'O-type 04-plane with a single D4-brane stuck on it (04°-plane) which has a 
non-trivial RR Wislon fine [28]. The stretched D4-branes represent the degrees of free- 
dom corresponding to the gauge singlet meson field of the magnetic theory. Indeed, the 
number of possible deformations of these D4-branes is 

7V, + 2'i:'lV2] = 2^M!i^, (4.4) 

i=l ^ 

which is equal to the number of independent components of the gauge-singlet meson field 
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Figure 11: The Electric (e) and Magnetic (m) Limits (Symplectic Groups). 
"+" and "— " stand for Sp-typc and SO-typc 04-planes respectively. The numbers below indi- 
cate the number of stretched D4-branes. We omit indicating the RR Wilson line (it is described 
in the main text). There are 2Nf D6-branes in each. 

As a summary, we depict in Figure 11 (m) the magnetic Type II A limit. 

4.2 Dynamical Supersymmetry Breaking Model 

In [20] an M theory fivebrane realization of Izawa-Yanagida-Intriligator-Thomas (lYIT) 
model of dynamical supersymmetry breaking was proposed. lYIT model is a supersym- 
metric Sp{Nc) QCD with Nf — Nc + 1 flavors coupled to gauge singlet chiral multiplets 
Sij — —Sji by the tree-level superpotential 

Wtree = XSijQ^Q^ , (4.5) 

where A is a coupling constant. Since the equation dW/dSij = is in conflict with 
the quantum modiflcd constraint FfQ^Q^ = A''*^^'=+^) the model has no supcrsymmetric 
ground state. However, an analysis of the Kahler potential of the singlet field Sij at large 
values shows that there is a stable vacuum. 

Wtree in (4.5) looks like the tree-level superpotential of the magnetic theory considered 
above. Therefore, the goal is to find a fivebrane configuration that reduces to the Type 
IIA branc configuration as depicted in Figure 11 (m) with N^. replaced by Nc, which 
exhibits the correct behaviour of the gauge coupling constant at an energy much larger 
than A. 

The proposal of [20] is essentially that the fivebrane configuration is given by that of 
the "electric dual", which is Sp{Ne) SQCD, = Nf — Nc — 2, whose dynamical scale 
Ae is related to the scale A of the original model by A3(iVc+i)-iv^^3(7Ve+i)-Af^ ^ ^_jv^_ 



34 



Actually, in the present case electric-magnetic duality does not hold since = {Nc + 
1) — Nf. — 2 — —1. However, the equation (4.1) does make sense even if we put Nc — — 1 
and we can use it to define the holomorphic asymptotic condition of the fivebrane, thus 
defining a supersymmetric field theory in four-dimension. This proposal was shown to be 
consistent with the field theory results by observing an agreement of the moduli space 
of supersymmetric vacua of some perturbed models, including the model perturbed by a 
linear term in S, 



which has supersymmetric vacua when [m/Xj^f — A^^f . Here we provide a more elemen- 
tary evidence by showing that the configurations have the required Type HA hmit. 

The configuration of the model perturbed by the linear term mS is in the eleven- 
dimensional space-time R"^ x M^/Z2 as in the case of Sp{Nc) SQCD but now the Taub- 
NUT space is deformed as yx = (f^ + m^)^-f. The supersymmetric configuration of the 
model with {m/X)^f = A'^^f given in [20] is the configuration for the "electric dual" (4.1) 
where Nc and A there is replaced by A^e = ~1 and Ag. Using the relation between Ag and 
A, it is given by 



(There is no CP^ component of the fivebrane.) The component C intersects with the 
Z2 fixed plane v = w = Oatx = X^^f A'^'^-t' while the other component C intersects at 
X = m'^^f . Therefore, the configuration is consistent only if {m/XY^f = A*^^-f, which is 
(almost) the same as the condition for unbroken supersymmetry in field theory. ^ 

As before, we consider taking the limit A <^ E for a fixed energy scale E and look at 
the configuration (4.7) with respect to some fixed length scales in the v and w direction. 
As in the magnetic limit of SQCD, the component C is sent to the left and wraps on the 
CP^ cycles as depicted in Figure 12. In the limit R <^ this reduces to a Type IIA 
brane configuration that obviously corresponds to lYIT model perturbed by a (very small 
but finite) linear term in S. If we force the pairs of D6-branes to approach each other at 
the orientifold plane, and then separate them in the x^ direction, we will get the Type IIA 
configuration that looks like Figure 11 (m) with Nc replaced by Nc- Note that the curve 
is bent and is no longer holomorphic, and therefore it has some non-zero energy density. 

^Actually, the configuration (4.7) can be deformed to a single component curve given by vw = \A?a 
and X = A^(^'=+^^A*(^=+^\ corresponding to the one-dimensional modulus space in field theory where a 
corresponds to the eigenvalue of the singlet S. However, we may restrict our attention to the cr = case 
(4.7), since we are interested in the energy much larger than A and S. 



Wtree = ^SQQ + UlS, 



(4.6) 




(4.7) 
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Figure 12: The M Theory Configuration for the Perturbed lYIT Model in the Small A 
Limit 

Unlike in the magnetic dual of SQCD, there is no bending of the component C", and it 
appears that there is no natural way of setting the scale in the w direction to measure the 
gauge coupling constant. However, we can use a knowledge about the perturbed models 
considered in [20]. Since the w value of some characteristic point in such perturbed models 
is identified with the gauge singlet Sij which give a mass XSij to the quarks, the scale 
in the w direction is set by w ~ X~^E. Then, the scale in the v direction is set by 
V ~ XE'^. Thus, the gauge coupling is measured as e~^/^^ = {A/Ey^"'^^ which is the 
correct behaviour. 

5 Orthogonal Groups 

Here we consider the orthogonal gauge groups. The M theory configuration for N = 1 
SQCD with even flavors can be obtained by rotating the N = 2 conflguration constructed 
in [29,28]. We flnd two Type HA limits corrersponding to the elecetric and magnetic 
description of the theories. 

5.1 The Fivebrane Configuration 

The fivebrane configuration for = 1 SO{Nc) SQCD with Nf flavors {Nf chiral mul- 
tiplets in the vector representation) can be obtained by rotating the N — 2 configuration 
in the standard way [3] if the fiavor Nf is even (Nf here means 2A^/ of ref.[28]). We first 
consider the range Nf > Nc — 1. We present the result separately for even and odd Nc- 
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Nc Even, Nf Even 

The space-time in which the fivebrane is embedded is the Z2 quotient of the resolved 
Ajv^._i Taub-NUT space yx = v^f where Z2 acts as y y,x ^ x and v —v. The 
Z2 fixes the CP^ cycles point-wisely, but acts on C2i+i as the 7r-rotation around the 
intersection points with and 6*21+2- 

The fivebrane consists of infinite components in — 

C \ (5.1) 

and CP^ components wrapping the cycles Cj with multiplicity for i — 1, . . . , Nf — Nc+2 
and Nf — i + 2ioTi = Nf — Nc + 3, . . . , Nf — 1. Note that C includes a component described 
by v'^ = 0, the fivebrane wrapping twice on the x-axis. Also, the component C at large y 
looks almost like the fivebrane wrapping twice on the y-axis in x^'*^'^ = 0. These regions 
— large \x^\ with 7,8,9 _ g — correspond in the Type IIA limit to the 04"'"-plane 
(S'p-type, trivial RR Wilson line). The main component of C, a; = A^^'^'^^''^'^^~-'^f'^v^''~'^ 
(which we denote again by C), intersects transversely with the CP^ cycle CNf~Nc+2- 
In addition, the fivebrane wraps odd number of times on the cycles C2i+i (on which 
Z2 acts as the 7r-rotation) for Nf — + ?> < 2i + 1 < Nf — 1. In order to avoid it- 
configurations, at least one pair of components wrapping C2i must be at x^'^'^ = for 
each 2i in A/'/ - A^c + 2 < 2i < A^/ - 1. 




Figure 13: The M Theory Configuration of S0{2r) SQCD. 
There are Nf sixbranes. The dashed horizontal lines and curves are point-wisely Z2 fixed while 
Z2 acts on the thin curves as the 7r-rotation. 

The number of Z2 invariant deformations of the curve subject to this constraint counts 
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as 

— + 2 
2 



(iV;-iV, + l)^ + 2-^2 



, . - , - (5.2) 

which agrees with the dimension of the moduh space of vacua. The parameters ±Mj 
are interpreted as the eigenvalues of JijM^^ where M'^^ = QaQi is the vev of the meson 
matrix and Jij is the Sp{Nf/2) invariant skew- symmetric form. Note that the eigenvalues 
of JM come in pairs since ^{JM) — —J~^{JM)J. 

Odd, Nf Even 

The space-time in which the fivebrane is embedded is the Z2 quotient of the resolved 
An^-i Taub-NUT space yx = v^f where Z2 acts as y — > — y, x — > — a; and v — > —v. The 
Z2 fixes the CP^ cycles C2i+i point-wisely, but acts on C2i as the vr-rotation around the 
intersection points with C2j_i and C2i+i. 

The fivebrane consists of infinite components in = 

c j'^y- n!=f k^' -M^) ^ I = A-(3(iv.-2)-iv,)^iv.-i ^^^^^ 



V — \ w — 0, 



and CP"*^ components wrapping the cycles Ci with multiplicity Ai'c ± 1 for i = 1, . . . , Nf — 
Nc + 2, and Nf — i + 2 ± 1 for i = Nf — N^ + 3, Nf — 1 where upper case (+1) is for 
odd i and lower case (—1) is for even i. Note that C includes a component described by 
V — 0, the fivebrane wrapping once on the x-axis. Also, the component C at large y looks 
almost like the fivebrane wrapping once on the y-axis. Noting that Z2 acts on the y and 
X axis at x"^'^'^ = as the 7r-rotation around y — and x = 0, we see that these regions 
— large \x^\ with x^.s-'^'.^.s _ q — correspond in the Type IIA limit to the 04^-plane {Sp- 
type, non-trivial RR Wilson line). The main component oi C, x — A~^^^^''~'^^~^f^v^''~^ 
(which we denote again by C), intersects transversely with the CP-*^ cycle CNf-Nc+2- In 
addition, the fivebrane wraps odd number of times on the cycles C2i (on which Z2 acts as 
the TT-rotation) for A^^ — A^c + 3 < 2i < A^j — 1 and also on the x-axis. In order to avoid a 
^-configuration, at least one pair of components wrapping C2i+i must be at x"^'^'^ — for 
each 2i + lmNf-Nc + 2<2i + l<Nf-l. 

The number of Z2 invariant deformations of the curve subject to this constraint counts 

as 



— + 2 



Nc-3 ATe-l 

Nf-Nc+1 Nc+1 , Nf-Nc+l Nc-1 , Afc-1 , o 2 2 
2 2~'~ 2 2~'~2~'~ 2 



(5.4) 

which agrees with the dimension of the moduli space of vacua. The parameters iMj are 
interpreted as the eigenvalues of JijM^^. 
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Figure 14: The M Theory Configuration of S0{2r + 1) SQCD. 
There are Nf sixbranes. The thin horizontal hnes and curves arc vr-rotatcd by Z2 while the 
dashed curves are point-wisely Z2 fixed. Note the difference from S0(2r) case. 

5.2 The Electric and Magnetic Limits 

We examine the weakly coupled Type IIA limit of the M theory configuration de- 
scribed above. In particular, we will find two limits which realizes the electric and mag- 
netic theories of [33]. We exphcitly write down the procedure for even Nc, but not for 
odd Nc because the result is essentially the same and we only need a little more care. 

The Electric Limit 

Let us consider the limit A^'^^'^"^)"^^ <^ £;3(Afc-2)-iVj. ^ fixed energy scale E and 
look at the configuration with respect to the scale set by v ~ w ~ The main 
component of C is sent to the right and wraps on the CP^ cycles C^f-Nc+'i) • • • i C7V/-1 
with multiplicities 1,2,..., iVc — 3. It also wraps on the x-axis with mulitplicity Nc — 2 and 
then blows up in the f-direction at y{E) = /\3i^c-2)-Nf jjiNf-{Nc-2) ^ rjj-^g component C 
wraps on the y-axis and blows up in the u;-direction at y'{E) = i^2(Afc-2)^ 'jj-^g regions 
with large v ^ E and large w ^ E'^ are interpreted as the NS and NS'5-branes in the 
Type llA limit. Between them, the fivebrane wraps Nc times on the eleventh direction. 
In the weakly coupled Type IIA limit, these are identified as the N^. D4-branes stretched 
between the NS' and the NS5-branes. The Z2 fixed cycle at x"^'^'^ = is identified as 
04~-plane whereas the Z2 invariant but non-fixed cycle C2i+i at x^'^'^ = is identified as 
the 04°-plane. Namely, the region of 04-plane sandwiched between the two NS5-branes 
is basically of S'O-type. Therefore the Nc D4-branes yields SO{Nc) gauge symmetry. 
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The gauge coupling constant g{E) at the energy E can be read, as in the SU (Nc) case, 

as 



As a summary, we depict in Figure 15 (e) the electric Type IIA hmit. Note that the 
dimension of the moduh space can be counted also by applying the "s-rule" found in [28] 
to this configuration. 

The Magnetic Limit 

Let us next consider the opposite limit A^(^=~^)~^^ — > oo. The component C is sent 
to the left and wraps on the CP^ cycles Ci, . . . , CNf-N^+i with multiplicities Nf — Nc + 
1, . . . , 2, 1. It also wraps Nf — Nc + 2 times on the y-axis and starts blowing up in the 
I'-direction at some value of y. This value of y is much larger than the value where the 
component C starts blowing up in the ty-direction with respect to some scale which will 
be specified momentarily. Between the two regions with large v and w, the fivebrane 
wraps Nc = Nf — Nc + 4: times on the eleventh direction. In the Type IIA limit, it is 
interpreted as Nc degenerate D4-branes. Since these are on top of the 04~-plane, we 
obtain SO{Nf.) gauge symmetry. We can measure the gauge coupling at an energy E by 
setting the corresponding length scales in the v and w directions. As in SU{Nc) case, 
these length scales are set by -u; ~ fiE and v ~ fi'^E"^ where is a constant mass scale, 
and the SO{Nc) gauge coupling g{E) is measured as 



This yields the standard relation A'^*^^^ ^/A^*^^'= = /j,^f between the dynamical 

scales of the electric and magnetic theories [26] . 

On the right of the region of C with large w ^ /jE (which is identified as the NS'5- 

branc), wc have components of the fivebrane wrapping several times on the eleventh 
direction. The fivebrane wraps Nf + 2-times in the region sandwiched between the NS'5- 
brane and the left-most D6-brane, while it wraps i + 2-times on the CP^ cycle Cat^.,. In 
the weakly coupled Type IIA limit R in, two of the fivebranes in the region sandwiched 
between the NS'5-brane and the left-most D6-brane are interpreted as providing a charge 
+2 to the orientifold fixed plane (consituting the 04+-plane). Also, a pair of fivebranes 
wrapping each of the Z2 fixed cycles (namely, the CP^ cycles C2i and the a;-axis at 
^7,8,9 _ jg interpreted as the 04+-plane. Similarly, a single fivebrane wrapped on 




(5.5) 




Nf j^-3{N^-2)+Nf 



(5.6) 



^3{Nc-2)-Nf 
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each of the Z2 invariant cycles C2i+i at x"^'^'^ — (on which Z2 acts as the 7r-rotation) 
is interpreted as the 04^-plane. The rest of the fivebrane wraps A^/-times in the region 
sandwiched between the NS'5-brane and the left-most D6-brane, while it wraps 2[(i+l)/2]- 
times on the cycles Cjvy-i- These are interpreted as the D4-branes which represent the 
degrees of freedom corresponding to the gauge singlet meson field of the magnetic theory. 
Indeed, the number of possible deformations of these D4-branes is 

f + 2l^'[(. + i)/2| = M|±i), 

which is equal to the number of independent components of the singlet meson field M^^ — 

As a summary, we depict in Figure 15 (m) the magnetic Type II A limit. The 04- 
planes that extend to the left and right infinity are 04"'"-plane. 04"*" and 04^ appears 
alternately since D6-brane is a unit magnetic monopole for the RR U{1) gauge field. 



Odd iVc 

We can consider the Type IIA hmit for odd Nc in a similar way. It turns out that the 
result is the same: we can find the electric and magnetic limits which are given exactly as 
in Figure 15 (e) and (m), where Nc and Nc are odd now. The 04- planes that extend to the 
left and right infinity are 04 -plane in the present case. In the magnetic configuration, 
04 and 04+ again appears alternately as we cross D6-branes. 




Figure 15: The Electric (e) and Magnetic (m) Type IIA Limits (Orthogonal Gauge 
Groups) There are Nf D6-branes in each. 
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5.3 Nf^Nc- 4, Nc - 3: Confining Pliase 



In the rest of the paper, we consider the remaining cases < Nf < Nc — 2. We again 
restrict our attention to the case where Nf is even. 

Nf < iV, - 4 



For Nf < Nc — 4:, there is no fivebranc configuration that hfts the electric Type IIA 
configuration (Figure 15 (e)), as can be seen as foUows. The asymptotics at large v 
and large x requires that the fivebrane has a component C described by (5.1) or (5.3). 
However, the equation for C implies = A^^^" ^) '^f where the power of v is at 

least 4 {Nc even) or 3 {Nc odd) when Nf < Nc- 4. Since v'^ = {Nc even) or v = {Nc 
odd) at large y represents the Sp-tjpe 04-planc, this shows that there are extra D4-branes 
on the left of the NS'5-brane, which is not the property of the Type IIA configuration. 
The absence of M theory configuration corresponds to the absence of (supersymmetric) 
stable vacua due to the generation of Affleck-Dine-Seiberg superpotential. 

Nf = Nc-4: (Nc Even) 

The fivebrane consists of infinite components at — 

c h = '^" nif - Mf) ^ = A-(3(iv.-2)-;v,)^iv. 

and CP^ components wrapping Ci, . . . , Cjvy-i with multiplicity A> — 3, Ac — 4, . . . , 4, 3. 
Again C includes a component wrapping twice on the x-axis. The strong coupling limit 
A — > oo of this configuration leads to a configuration which looks like the magnetic 
configuration of Figure 15 (m) extrapolated to Nf = Nc — 4:, namely, Nc = 0. We see that 
there is no gauge symmetry in this configuration but there are degrees of freedom as many 
as Nf{Nf + l)/2 chiral superfields. This is consistent with the field theory knowledge [33] 
that the theory confines and becomes a theory of composite meson field M*-^ = Q^QK 

Nf^Nc-S (Nc Odd) 

The fivebrane consists of infinite components ai x"^ — 

, y = ^ (^^ -Mi) ^ I = A-(3(iV.-2)-A.,)^iV.-l ^^^^^ 



V — \ w — 0, 



and CP^ components wrapping Cj with multiplicity Nc — 1 — i ± 1 where +1 is for odd 
i and —1 is for even i. C includes a component wrapping once over the x-axis. The 
strong coupling limit A — > oo of this configuration leads to a configuration which looks 
hke the magnetic configuration of Figure 15 (m) extrapolated to Nf — Nc — 3, namely. 
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Nc — 1. We see that there is no gauge symmetry in this configuration but there are 
degrees of freedom as many as Nf{Nf + l)/2 chiral superfields. Also, there are Nf modes 
associated with the open string stretched between the single D4-brane on top of 04-plane 
and the Nf D4-branes ending on the NS'5-brane. The mass of these modes are given by 
Mi which are identified as the meson eigenvalues. This is consistent with the field theory 
knowledge [33] that the theory confines and becomes a theory of composite meson field 
M*^ and composite Nf fields Qi (glueballs or exotics) coupled via a superpotential of the 
form M^^qiqj. 

5.4 Nf^N^- 2: Coulomb Phase 

The fivebrane for the case Nf — Nc — 2 {Nc even) consists of infinite components at 



and CP^ components wrapping Ci, . . . , Cnj-i with multiplicity Ai'c — 1, A^c — 2, . . . , 4, 3. 
C includes a component wrapping twice on the x-axis, and C includes a component 
wrapping twice on the 7/-axis. The main component of C is decribcd hj y = A^*^^°~^) 
and intersects transversely with the |/-axis. The main component of C also intersects 
transversely with the y-axis at y = ]\i{—Mf). The y-axis is a Z2 fixed plane but the 
intersection with a fivebrane is allowed because it is screened by a pair of fivebranes (see 



In the weak coupling region, all Mj ^ A^, C is on the left of C in a neighborhood 
of the |/-axis. In the strong coupling region, all Mj ^ A^, C is on the left of C in a 
neighborhood of the |/-axis, just as in the magnetic configuration (Figure 15 (m)). For 
both cases, in the weakly coupled Type IIA limit, the region of the y-axis sandwiched 
between C and C is identified as 04~-plane with a pair of D4-branes. Namely, we 
see the 5*0(2) gauge symmetry in both weak and strong coupling regions. In the strong 
coupling region, there are Nf electrons transforming in the vector representation of 5*0(2) 
with mass given by Mj, as the megnetic configuration shows. These two 5*0(2) gauge 
theories, electric and magnetic 5'0(2)s, are continuously connected by changing Mj's 
because the intersection point y = ni(~Mf) of C can go around the intersection point 
y = A"^^^"'"^^ of C. Something interesting happens when these intersection points collide. 



These are qualitatively the same as what we know for field theory. However, we know 
from field theory considerations more than just the qualitative features. For example. 




(5.10) 



[28]). 



n£f(-M2) = A2(^=-2). 
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the exact effective SO {2) gauge coupling g^g has been determined by finding the Seiberg- 
Witten curve [33]. In the brane picture, it is not obvious how to compute it. We can 
only tell that l/s'^ ~ \og(J\iMf / h?'^^''~'^'>) in the weak couphng region, which is roughly 
correct but not exact. The curve is completely degenerate and there is no way to make 
it a smooth genus one Riemann surface without changing the asymptotic behaviour, as 
can be seen by noting the existence of a meromorphis function with a single simple pole. 
The effective gauge coupling constant should be determined in a different way than using 
the Seiberg-Witten type curve. Also, the field theory argument [33] shows that there is 
a dyon which becomes massless at the coUiding point Yl^lC^^—Ml) — A^(^=~^). It is not 
clear whether such a dyon state exists in the brane picture. It is challenging to solve these 
problems. It might be related to something important in M theory on R^/Z2 orbifold. 
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Appendix 



AW = 



TriQQQQ) - —{TrQQf 



' c 



(A.l) 



A Vacuum Structure of iV = 2 SQCD Perturbed to iV = 1 

In the previous work [3], N — 2 SU{Nc) SQCD with Nf flavors perturbed by a mass 
term for the adjoint chiral multiplet was studied both from fleld theory method and from 
brane description. For Nf > Nc + 1, there was a gap between the results of the two 
methods concerning the vacua with meson matrix of rank < Nf. In this appendix, we 
correct an error in the fleld theory treatment of [3] and present a better argument showing 
that the brane result was correct. 

By integrating out the adjoint chiral multiplet of mass /ia, the system can be considered 
as = 1 SQCD perturbed by the chiral symmetry breaking supcrpotential 

- VrlUUUU)--^ 

at the cut-off scale //a- As far as the gauge group SU (Ac) is broken at high energy by 
a large vev of Q or Q, one can use this to analyze the space of vacua. However, once 
Q and Q become smaller than A (as it turns out, all branch of the moduli space is 
in or connected to this region), the gauge coupling becomes strong and it is no longer 
valid to use the elementary fleld. For Nc + I < Nf < 3 Ac/2, it is appropriate to use 
the magnetic description of the theory which becomes weakly coupled at low energy. 
Even for 3Nc/2 < Nf < 2Nc, although the theory without perturbation (A.l) flows to 
a non-trivial flxed point, it turns out that the moduli space of the theory with (A.l) is 
in or connected to a region where we can flnd an appropriate description starting from 
the magnetic theory. Thus, we consider the SU{Nc) gauge theory with Nf quarks qi,q^ 
(magnetic quarks) and a gauge singlet meson M {Nf x A^^^ matrix) which are coupled by 
tree-level supcrpotential 



Wtree = -Mqq + 



(A.2) 



The error of the treatment in [3] was that we assumed following [11] that there exists 
an exact supcrpotential that applies for any rank of M (= the sum of Wtree and an Affleck- 
Dine-Seiberg type potential). However, this potential is not holomorphic at detM = 
and the analysis is not valid for rankM < Nf. In fact, the analysis should depend on 
the rank of M since the low energy theory depends drastically on the number of massless 
quarks which is determined by rankM. 

If the rank of M is Nf, all the magnetic quarks are massive and the low energy 
theory is the pure SU{Nc) super- Yang- Mills theory with the dynamical scale Al given 
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by A^^'' = det(M//i)A^^'= . Thus, the theory in this branch is described by the exact 
super potential 

1 r 1 1 

(A.3) 



eff 



1 



Tr(M2) - -L(TrM)^ 



Extremizing W^ff, we obtain the maximal rank solutions which were obtained in [3] 
both from field theory and from brane analysis. Indeed, the solution is of order M ~ 
^^m,-Nf i^Nf-N,y/(^2N,-Nf) ^ ^2 ^ -g jnaccessible from the electric de- 

scription. 

If the rank ^ of M is smaller i < Nf, N'^ — Nf — i oi the quarks remain massless. Let 
us decompose the meson matrix into blocks of size i and N'^ as 



M 



Mh Mi2 

M21 Ml 



(A.4) 



where rank(Mjj) = £, (M12) = (M21) = {Ml) — 0. By integrating out the £ mas- 
sive quarks with mass matrix Mn/fJ', we obtain the low energy theory which is SU{Nc) 
SQCD with N'f — Nf — i quarks qli, Ql with the dynamical scale A^, and the tree-level 
superpotential Wl given by 



Ar ^ = det 



M 



H 



/i 



Wl = -MLqLqL + :^ 



Tt{M^) (TrM) 



(A.5) 
(A.6) 



For Nc < C- < Nf, since the flavor N'j: of the low energy theory is smaller than the 
color Nc, Affleck-Dine-Seiberg superpotential is generated 



Weff = Wl + {N, - N'f) 



A 



det qlQl 



(A.7) 



It is easy to see that there is no solution to dWgff = which satisfies Ml = 0. Hence 
there is no vacuum with Nc < rankM < Nf. 

For i = Nc, the low energy theory is SU {Nc) with flavor A^^ = Nc- At energies far below 
Al, this theory is described by composite mesons A^^ = Ql^l and baryons Bl = dctg^, 
fei = detgL which are subject to the quantum modifled constraint det A^l — Bl^l — A^^^ 
Thus, the effective superpotential is 



Wcff = ^MMlNl) + ^ 



Tt{M^) - —(TrM) 

■^^ r. 



X det Nl - bLbL - Af ^ . (A.8) 
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The equation dWgff — together with Ml — M12 = M21 = requires 

Nl = ^TrM^l^. (A.9) 

Mh - —TtMh = (A. 10) 

detNL-bLh^Af' (A.ll) 

The first and second equations implies Mh = itiIn^ and Nl — {fiui / /la,)! ^ for some m. 
Then the quantum modified constraint (A.ll) of the fow energy theory yields 

By using the relation between the electric and magnetic baryon operators 6^ = &iVc+i,...,Ary = 
C-i^i,...,iv, ^^^l^ ^ lN,+i,...,Nf ^ c-^Si^.^Ar,, C = (-(-//) -^=A3^=-^/)V2, together with 

the scale matching equation (A. 5), we obtain 



m 



+ BB^ (_l)^/-^c j^^j A=^^-^/. (A.13) 

This is nothing but the relation obtained in [3] from the brane description of the theory. 

For £ = A^c - 1, the low energy theory is SU{Nc) SQCD with A^} = A; + 1 flavors. 
At energies far below A^, this theory is described by composite mesons A^^ and baryons 
6i, 6i and the superpotential is given by 



Nf-Nc 



Weff = -triM^NL) + 



Tr(M2) - — (TrM)2 
A^c 



+ ^^(det Nl - hLNLhL). (A. 14) 

p2Nc 1 



It is easy to see that there is no solution to dW^g = with Ml — and det Mh ^ 0. 
Therefore, there is no vacuum with rankM = A^c ~ 1- 

For ^ < A^c - 1, the low energy theory is SU(Nc) SQCD with A^} > Ac. It is known 
that this theory exhibits no generation of superpotential, and the classical analysis for 
determining vacua is valid as far as the moduli space extends to a region where the 
gauge coupling stops running at high energy. The vacuum equation OWl = is satisfled 
when Mh — (which implies i = 0) and g^g^' = 0, and in fact either q^s or g-^'s can 
have large expectation values of rank Nc- From the equation qiq^ = 0, we see that 
bii,...,i~b^^""'^'''' = 0. Thus, this branch is given by M = 0, 3''-^''-'^ B-^ j^ = 0. This is 
actually the m ^ limit of the branch already obtained above (A.13). 

One can also show that the brane tells the dimension of the moduli space correctly. 
For the maximal rank solutions, we have already seen in [3] that both field theory and 
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brane analysis gives complex dimension 2r{Nf — r). For the other branch, the brane 
consists of Nc{Nf — N^) CP^ components and two factorized infinite components. If we 
include the relative motion of the infinite components as one of its moduli (which is still 



theory side, as we have seen above, the solution can be made to the following form by the 
complexified fiavor symmetry GL{Nf,C): 



where m, B and B obey (A. 13). The unbroken subgroup of the flavor symmetry GL{Nf, C) 
at this solution is SL{Nc, C) x GL{Nf—Nc, C). Since the flavor invariants are parametrized 
by one complex modulus due to the constraint (A. 13), the complex dimension of the mod- 
uh space is 1 + - (A^^ _ i + (jy^ _ j\rj2^ ^ 2{NfNc - + 1) which agrees with the 
result of the brane analysis. 



an unanswered problem), the complex dimension is 2(NfNc — + 1). On the field 




(A.15) 



Ql,...,Nc = B, 

Bi,...,Nc = B, 



other components = 
other components = 



(A.16) 
(A.17) 
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